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Introduction

• In this lecture we consider three topics.

• First, we consider methods for imputation of missing genotypes.

• We describe a number of the more common Bayesian approaches to this
problem.

• Second, we will briefly review a number of procedures to carry out model
comparison.
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Motivation for Imputation

• Imputation is the prediction of missing genotypes.

• Imputation is used in both GWAS and in fine-mapping studies.

• The technique is becoming increasingly popular since it can:
• Increase power in GWAS.
• Facilitate meta-analysis in which it is required to combine information from

different panels which have different sets of SNPs. In this way power can be
increased.

• Fine-map causal variants, see Figure 1. Imputed SNPs that show large
associations can be better candidates for replication studies.

• The key idea in the approaches we describe is the use of data on
haplotypes from a relevant population to build a prior model for the
missing data, basically the models leverage linkage disequilibrium.
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Figure 1 : Imputation for the TCF7L2 gene, from Marchini et al. (2007). Imputed
SNP signals are in red and observed SNPs in black.
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Figure 2 : Imputation overview from Marchini and Howie (2010).
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The Statistical Framework

• Suppose we wish to estimate the association between a phenotype and m
genetic markers in n individuals.

• Let Gij represent the genotype of individual i at SNP j with Gij unobserved
for some SNPs.

• We consider diallelic SNPs so that Gij can take the value 0, 1 or 2
depending on whether the pair of constituent SNPs are {0, 0}, {0, 1},
{1, 0} or {1, 1}.

• If Gij is observed then for SNP j we simply model

p(yi |Gij)

• For example, if the phenotype yi is continuous, we might assume a normal
model:

E[Yi ] = β0 + β1Gij ,

and if yi is binary, a logistic model is an obvious candidate:

pi
1− pi

= exp(β0 + β1Gij)

where pi is the probability of disease for individual i .
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The Statistical Framework

• Let H = (H1, ...,HN) represent haplotype information at m SNPs in a
relevant reference-panel, with N distinct haplotypes.

• Let Gi be the observed genotype information for individual i .

• If Gij is unobserved then for SNP j we have the model

p(yi |H,Gi ) =
2∑

k=0

p(yi |Gij = k)× Pr(Gij = k|H,Gi )

• The big question is how to obtain the predictive distribution

Pr(Gij = k|H,Gi ).

• A common approach is to take as prior a Hidden Markov Model (HMM).

• We digress to discuss HMMs.
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Hidden Markov Models

• Example: Poisson Time Series A common problem is how to model count
data over time. A Poisson model is the obvious choice but how to
introduce:

1. overdispersion and
2. dependence over time.

• Consider the model:

Stage 1: Yt |λt ∼ Poisson(λt), t = 1, 2, ...

Stage 2: λt |Zt ∼iid

{
λ0 if Zt = 0
λ1 if Zt = 1

Stage 3: Zt |p ∼iid Bernoulli(p).

• An alternative model replaces Stage 3 with a (first-order) Markov chain
model, i.e, Pr(Zt |Z1, ...,Zt−1) = Pr(Zt |Zt−1):

Pr(Zt = 0|Zt−1 = 0) = p0

Pr(Zt = 1|Zt−1 = 1) = p1

• Zt is an unobserved (hidden) state.

• As an example we consider the number of major earthquakes (magnitude 7
and above) for the years 1990–2006.

• We illustrate the fit of this model with two or three underlying states.
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Example: Earthquake Data
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Figure 3 : The earthquake data along with the underlying states for the two and
three state HMMs, in blue and red, respectively.



Imputation Model Comparison Conclusions References

IMPUTE v1

• Marchini et al. (2007) consider a HMM for the vector of genotypes for
individual i :

Pr(Gi |H, θ, ρ) =
∑

zi=(z(1)
i ,z(2)

i )

Pr(Gi |Zi , θ)× Pr(Zi |H, ρ)

where Z(1)
i = {Z (1)

i1 , ...,Z
(1)
iJ ) and Z(2)

i = {Z (2)
i1 , ...,Z

(2)
iJ ).

• The (Z(1)
i ,Z(2)

i ) are the pair of haplotypes for SNP j from the reference
panel that are copied to form the genotype vector. These are the hidden
states.

• The term Pr(Zi |H, ρ) models how the pair of copied haplotypes for
individual i changes along the sequence. This probability changes
according to a Markov chain with the switching of states depending on the
fine-scale recombination rate ρ.

• The term Pr(Gi |Z, θ) allows the observed genotypes to differ from the pair
of copied haplotypes through mutation; the mutation parameter is θ.

• IMPUTE v2 (Howie et al., 2009) is a more flexible version that alternates
between phasing and haploid imputation.
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fastPHASE and BIMBAM

• We describe the model of Scheet and Stephens (2006).

• A Hidden Markov Model (HMM) is used to determine Pr(Gij = k|α,θ, r).

• The basic idea is that haplotypes tend to cluster into groups of similar
haplotypes; suppose there are K clusters.

• The unobserved hidden state is the haplotype cluster from which this SNP
arose from. Each cluster has an associated set of allele frequencies θkj .

• With K underlying states we have, for SNP j , αkj being the probability of
arising from haplotype k, with

K∑
k=1

αkj = 1.

• The model is

Pr(Gi |α,θ, r) =
∑
z

Pr(Gi |Zi ,θ)× Pr(Zi |α, r)

with Zij the haplotype of origin for individual i and SNP j .

• A Markov chain is constructed for Zij with the strength of dependence
being based on the recombination rate r at a given location.

• Given Zij = k, the genotype assigned depends on the allele frequencies of
the k-th haplotype at the j-th SNP.
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Use in Association Studies

• The simplest approach to using imputed SNPs is to substitute Ĝij (a
number between 0 and 2) into the phenotype association model.

• A set of probabilities Pr(Gij = k|G,H) for k = 0, 1, 2 are produced and
these may be used to average over the uncertainty in the phenotype model.

• Within BIMBAM the unknown genotype is sampled from its posterior
distribution, within an MCMC framework.

• Other approaches:
• MACH: similar methodology to IMPUTE (Li et al., 2010).
• Beagle: uses a graphical model for haplotypes (Browning and Browning,

2009).
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Practical Issues

• One may attempt to match the haplotype panel (e.g. from HapMAP 2)
with the study individuals.

• An alternative approach is to use all available haplotypes, and assigning
equal prior probabilities to each.

• Many studies, for example Huang et al. (2009), have examined SNP
imputation accuracy in different populations.



Imputation Model Comparison Conclusions References

Figure 4 : Imputation accuracy as a function of sample size, from Huang et al.
(2009).
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Figure 5 : Imputation accuracy for different populations with a reference-panel of 120
haplotypes. From Huang et al. (2009).
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Figure 6 : Example from Sanna et al. (2011). Imputation carried out using the MACH
software.
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Figure 7 : Example from Sanna et al. (2011).
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Model Comparison

• Markov chain Monte Carlo in particular has allowed the fitting of more and
more complex models, often hierarchical in nature with layers of random
effects.

• The search for a method to find the “best” of a set of candidate models
has also grown.

• Let p(y|θ) represent a generic likelihood for y = [y1, . . . , yn] and let

D(θ) = −2 log[p(y|θ)]

represent the deviance.

• For example, in an iid normal(µi (θ), σ2) normal the deviance is

1

σ2

n∑
i=1

[yi − µi (θ)]2.

• Frequentist model comparison for nested models is often carried out using
likelihood ratio statistics, which corresponds to the comparison of
deviances in generalized linear models (GLMs), see for example McCullagh
and Nelder (1989).
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Model Comparison: AIC

• One approach to model comparison is based on a model’s ability to make
good predictions.

• Such an objective, and predicting the actual observed data, leads to
Akaike’s an information criterion (AIC), derived in Akaike (1973).

• In AIC one tries to estimate the (Kullback-Leibler) distance between the
true distribution of the data, and the modeled distribution of the data.

• AIC is given by
AIC = −2 log[p(y |θ̂)] + 2k

where θ̂ is the MLE and k is the number of parameters in the model,
i.e. the size of θ.

• Small values of the AIC are favored, since they suggest low prediction error.

• The penalty term 2k penalizes the double use of the data.

• In general for prediction: overly complex models are penalized since
redundant parameters “use up” information in the data.
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Model Comparison: BIC

• Another approach is based on trying to identify the “true” model.

• Schwarz (1978) developed the Bayesian Information Criterion (BIC) which
is given by

BIC = −2 log[p(y |θ̂)] + k log n.

• BIC approximates −2 log p(y|θ) under a certain unit information prior
(Kass and Wasserman, 1995).

• BIC is consistent1 for finding the true model, if that model lies in the set
being compared.

• AIC is not consistent for finding the true model, but recall is intended for
prediction.

1meaning the BIC hones in on the true model as the sample size increases
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Model Comparison: DIC

• Spiegelhalter et al. (2002) introduced what has proved to be a very popular
model comparison statistic, the deviance information criterion (DIC).

• To define the DIC, define an “effective number of parameters as

pD = Eθ|y{−2 log[p(y|θ)]}+ 2 log[p(y|θ)]

= D + D(θ)

where θ = E [θ|y] is the posterior mean, D(θ) is the deviance evaluated at
the posterior mean and D = E [D|y].

• Hence, pD is the

posterior mean deviance− deviance of posterior means.

• The DIC is given by

DIC = D(θ) + 2pD

= D + pD ,

so that we have a measure of goodness of fit + complexity.

• DIC is straightforward to evaluate using MCMC or INLA.



Imputation Model Comparison Conclusions References

Model Comparison: DIC

DIC has been heavily criticized (Spiegelhalter et al., 2014):

• pD is not invariant to parameterization.

• DIC is not consistent for choosing the correct model.

• DIC has a weak theoretical justification and is not universally applicable.

• DIC has been shown to under penalize complex models (Plummer, 2008;
Ando, 2007).

• See Spiegelhalter et al. (2014) for an interesting discussion of the history
of DIC, including a summary of attempts to improve DIC.

• According to Google Scholar, as of June 20th, 2014, Spiegelhalter et al.
(2002) has 5251 citations...
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Model Comparison: CPO

• Another approach based on prediction uses the conditional predictive
ordinate (CPO).

• Let
y−i = [y1, . . . , yi−1, yi+1, . . . , yn]

represent the vector of data with the i-th observation removed.

• The idea is to predict the density ordinate of the left-out observation,
based on those that remain.

• Specifically, the CPO for observation i is defined as:

CPOi = p(yi |y−i )

=

∫
p(yi |θ)p(θ|y−i ) dθ

= Eθ|y−i
[p(yi |θ)]
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Model Comparison: CPO

• The CPOs can be used to look at local fit, or one can define an overall
score for each model:

log (CPO) =
n∑

i=1

log CPOi .

• Good models will have relatively high values of log (CPO).

• See Held et al. (2010) for a discussion of shortcuts for estimation
(i.e. avoidance of fitting the model n times) using MCMC and INLA.
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Model Comparison: Illustration, Childhood Mortality in Tanzania

• We illustrate the use of CPO and DIC in a study of estimating childhood
(under 5) mortality in regions of Tanzania.

• The data are collected via a series of 8 surveys in 21 regions covering the
period 1980–2009.

• Let qits be the childhood mortality in area i , at time point t from survey s.

• Based on the surveys we can obtain weighted (Horvitz-Thompson)
estimators q̂its with associated asymptotic variances Vits .

• We summarize the data via logit estimates

yits = log

(
q̂its

1− q̂its

)
.

• Let

φits = log

(
qits

1− qits

)
represent the logit of the childhood mortality.
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Model Comparison: Illustration, Childhood Mortality in Tanzania
We have a three-stage hierarchical model:

• Stage 1: Likelihood:

yits |φits ∼ normal(φits ,Vits).

and we compare the following six models:

Model 1: φits = µ+ αt + γt + θi + ηi + δit

Model 2: φits = µ+ αt + γt + θi + ηi + δit + νs

Model 3: φits = µ+ αt + γt + θi + ηi + δit + νs + νis

Model 4: φits = µ+ αt + γt + θi + ηi + δit + νs + νts

Model 5: φits = µ+ αt + γt + θi + ηi + δit + νs + νts + νis

Model 6: φits = µ+ αt + γt + θi + ηi + δit + νs + νts + νis + νits

where αt , θi , δit are independent random effects for time, area and the
interaction, γt and ηi are random effects that carry out local smoothing in
time and space and νs , νts , νis , νits are independent random effects to
reflect survey effects.

• Stage 2: Normal random effects Distributions.

• Stage 3: Hyperpriors on µ and the random effects variances.
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Model Comparison: Illustration, Childhood Mortality in Tanzania

Table 1 : Model comparison statistics for 6 models for the Tanzania data; “best” in
red.

Model No. Parameters pD D̄ DIC log(CPO)
2 181 75 409 484 -295
2 189 81 382 463 -288
3 313 120 219 339 -193
4 223 91 364 454 -282
5 347 128 202 330 -182
6 920 149 185 334 -184

• Notice how much smaller the effective number of parameters is, when
compared with the total number of parameteres; this is because of the
shrinkage/penalization of the random effects distributions.

• Both CPO and DIC suggest that model 5 is the best:

Model 5: φits = µ+ αt + γt + θi + ηi + δit + νs + νts + νis

• So survey effects vary across time and across areas (different teams sent
out).
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Figure 8 : Smoothed estimates of national under 5 mortality in Tanzania (solid line)
per 1000 births, different surveys denoted with dashed lines and vertical lines represent
95% interval estimates.
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Conclusions

• Hierarchical models allow complex dependencies within data to be
modeled.

• Prior specification for variance components is not straightforward, and
sensitivity analysis is a good idea.

• No universally agreed upon approach to carrying out model comparison.
]item The Widely Applicable Information Criteria (WAIC) is growing in
popularity (Watanabe, 2013; Gelman et al., 2014).
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