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The most important distinction in
statistics

sample
Vs
population

When analysing data (or reading the literature), think
about whether you want to discuss the sample that you
observed or want to make statements that are more
generally true

Statistics is the only field that gives us the correct
framework to generalise from our sample to the
population
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The most important distinction in
statistics

Example: T cell counts from 40 women with triple
negative breast cancer were observed. What can we do
with this information?

Option 1: Discuss the 40 women. What was the mean T
cell count? What was its variation?

Option 2: Generalise the information about the 40
women to make statements about all women with triple
negative breast cancer

These are 2 different approaches to using the same
information
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Language for making these distinctions

Population
e Size N (usually o)
e Mean=u

u=yp X, or [..

 Variance = 5?2

o’ =Epj(Xj—ﬂ)2 or ...

Sample
e Sizen

« Sample Mean= Y

X=-%X

|
n jol

2

* Sample variance = S

=L 3x,-x)

n-— 1]=1
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Generalising the sample to the
population

Issue: We can calculate the sample mean and sample
variance from our data, but the true mean and true
variance are generally unknown

Fortunately, statisticians have learnt some things about
how to recover* the true mean and true variance based
only on sample means and sample variances

* with high probability
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How do sample means behave?

A

X

Suppose we observe data X, X, ..., X..
We can calculate ¥6as exactly, but what
can we say about pu?

Idea: u 1s probably close to Xbar

Goal: Make this more rigourous
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Sums of Normal Random Variables

In general, neither 2. X, nor Xbar will have
the same distribution as the X’s

Example:

X, X5, X5 follow F-distributions.
X+ X,+ X; does not follow an F-
distribution

(X, + X,+ X;)/3 does not follow an F-
distribution

Exception to the rule:

If X,, X,, ..., X, are independent and
normally distributed with means p. and 6.2,
X+ X

follows a normal distribution with mean

[ Pl VS
and variance

2 2
6,”t...T O,
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Central limit theorem

What can we do instead? Use the central
limit theorem!

VA AN (. @
Central limit theorem:

If X,, X,, ..., X, are independent 4nd have
the same distribution, and the mean of that
distribution is 62, then if n is large,

Samé\bsfi i N O
¢ .

SOapprogamately and under relatively weak
conditions.

In general, this applies for n = 30.

*As n increases, the normal approximation
improves.

Summer 2017 Summer Institutes 141



Distribution of the Sample Mean

Population of X’s
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Central Limit Theorem - Illustration
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Central limit theorem

The central limit theorem allows us to use
the sample (X,...X,) to discuss the
population ()

We do not need to know the distribution of
the data to make statements about the true
mean of the population!

KooK,
_(}OM Some A\Sl\f\

(2D

e e @/
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Distribution of the Sample Mean

EXAMPLE:

Suppose that for Seattle sixth grade students the mean
number of missed school days 1s 5.4 days with a
standard deviation of 2.8 days. What is the
probability that a random sample of size 49 (say
Ridgecrest’s 6th graders) will have a mean number of
missed days greater than 6 days?
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4 h

Find the probability that a random sample of
size 49 from this population will have a mean
greater than 6 days.

u = 5.4 days

'@J\ o = 2.8 days —7 S-& ) 0‘({ -AF
N n =49 Wi ssed oaal
S ér \o PN A VA

Oy =0/\n=2.8/149 =04 >
"Z- C’ s =54

P(X>6)=P

= P(Z >1.5)=0.0668

X—uX>6—5.4J Auon —ﬁ
oy 0.4 N(i.ll,)s }

Ve PO
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Sampling distribution
of X (for samples of

Population :
 distribution s1zg 49)
O i I T T T T
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Exercise

What is the probability that a random sample (size
49) from this population has a mean between 4 and
6 days?
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Solution

PA4=<X=<6) = P(-3.5=Z<1.5)
= P(Z=<15)-P(Z<-3.5)
= .933
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Confidence Intervals
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Confidence Intervals

Confidence intervals are not just intervals!

“(L, U) 1s a 100p% confidence interval for a
parameter 0”

means that

“For any possible correct value parameter 0,
the interval (L, U) contains 0 with
probability at least p.”

Confidence intervals only concern
parameters.

Prediction intervals (different!) are intervals
about random variables.
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Confidence Intervals for the mean

Because
2 m
—_ O— S,
X ~ N Ma_ ) 7\ _ \
~J
n ) sp Y NE)
we know that ‘
X -
-1.96 < <+1.96|=0.95.
o /\In }

TR

Rearranging gives us t

— g — o)

1s a 95% confidence interval for the true
mean L
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Confidence Intervals
o known

If we desire a (1 - a) confidence interval we can
derive it based on the statement

2) X-u_ o)

<—<

QZ o/ \/E QZ
| 5 4 ol

That is, we find constants ¥7 and Q) 2’that have

exactly (1 - o) probability between them.

P =l-a

A (1 - a) Confidence Interval for the Population Mean

(X+Q£Z)x%,X+Qgg)x\%)
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Confidence Intervals
o known - EXAMPLE

Suppose gestational times are normally
distributed with a standard deviation of 6 days. A
sample of 30 second time mothers yield a mean
pregnancy length of 279.5 days. Construct a 90%
confidence interval for the mean length of second
pregnancies based on this sample.

279.5 + %975 X L

279.0 = 1.645 X ——
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DA
Confidence Intervals \,;... r?b

o unknown < O

To get a CI for u using the methods outlined
above, we need X and o2. But usually, o is
unknown - we only have X and s2. It turns out
that even though

is normally distribtted;

(X - )
s/~n

is not (quite)!

W.S. Gosset worked for Guinness Brewing in
Dublin, IR. He was forced to publish under the
pseudonym “Student”. In 1908 he derived the
distribution of B

(X —u)

s/~

W=\

which 1s now known as Student’s t-distribution.
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Confidence Intervals
o2 unknown
t Distribution

When o 1s unknown we replace it with the
estimate, s, and use the t-distribution. The statistic

X-u
s/~In

has a t-distribution with n-1 degrees of freedom.

We can use this distribution to obtain a confidence
interval for u even when o is not known.

A (1-a) Confidence Interval for the Population
Mean when o is unknown

(l_%) xs/\n

f+t(§ xs/\/;, §+t(n_1)

(n-)
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Confidence Intervals - 62 unknown
t Distribution - EXAMPLE

Given our 30 moms with a mean
gestation of 279.5 days and a variance of
28.3 days?, we can now compute a 95%
confidence interval for the mean length of
pregnancies for second time mothers:

0.975  V?28.9
279.0 £ 19y 7 X 730
\ 30

Go gle online calculator t distribution quantiles y Q

All Images Shopping Videos New: More Settings Tools

About 784,000 results (0.57 seconds)

T Distribution Calculator - Stat Trek
stattrek.com/online-calculator/t-distribution.aspx v

T Distribution Calculator: Online Statistical Table. The t disi{ibution calculator makes it easy to
compute cumuy

poanies -t T Distribution Calculator: Online Statistical Table

The t distribution calculator makes it easy to compute cumulative probabilities, based on t statistics;
or to compute t statistics, based on cum\ilative probabilities. For help in using the calculator, read the
Frequently-Asked Questions or review thg Sample Problems.

To learn more about Student's t distribution)\go to Stat Trek's tutorial on the t distribution.

Describe the random variable | tkcore
Degrees of freedom |29
tscore 2.045 /
Cumulative probability: P(T <t) 0.975

Calculate

__“
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Confidence Intervals -
sample variance

QQ: Can we derive a confidence interval for
the sample variance?

A: Yes. We’ll need the Chi-square
distribution

Definition: The sum of squared independent
standard normal random is a random variable
with a Chi-square distribution with n degrees
of freedom.

Let Z. be standard normals, N(0,1). Let

X=Z'+Z2+.+2> =57’
i=1

X has a y?(n) distribution
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Chi-square Distribution

Properties of 2 (n): Let X ~ %?(n).

1.X=0
2.E[X]=n
3.V[X]=2n

4. n, the parameter of the distribution is called the
degrees of freedom.
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Chi-square Distribution
Sample Variance

The Chi-square distribution describes the
distribution of the sample variance. Recall

. 2
s2=LE(X X)
n—1i=1
and 2 T\ 2
S X. - X
1) = i
(n )02 Zl( o )

Now the right side almost looks like
2
. —u
575"

which would be x?(n).

Since u is estimated by X one degree of freedom is

lost leading to ...

\ L(n —1)(72

jl with n-1 degrees of freedom

Summer 2017 Summer Institutes

162




Chi-square Distribution
Confidence Interval for o2

We can use the Chi-square distribution to obtain
a (1 - a) confidence interval for the population
variance.

a 2 ¢
<o <l

P Qj((zz(n—l) < (n - 1)? < () | =

Now, inverting this statement yields:

>
)1) <0’ <5’ x(n—l)/Q(zz(l_l)} —1-q

:

s> x(n —1)/Q(

2
X (n-

P

X

Therefore,

A (1 - a) Confidence Interval for the Population

Variance I
Co—

(Sz x(n - 1)/Q)((:§_)1), s x(n - 1)/Q§2(n_1)]
—
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Chi-square Distribution
Confidence Interval for o? - Exercise

Suppose for the second time mothers were
not happy using the standard deviation of 6 days
since it was based on the population of all mothers
regardless of parity. The sample variance was
28.3 days®. What is a 95% confidence interval for
the variance of the length of second pregnancies?
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Chi-square Distribution
Confidence Interval for o? - Solution

Suppose for the second time mothers were
not happy using the standard deviation of 6 days
since it was based on the population of all mothers
regardless of parity. The sample variance was
28.3 days®. What is a 95% confidence interval for
the variance of the length of second pregnancies?

n = 30, s* = 28.3

0. 025
00% — 16.1
0.975
0975 = 45.7
9 29
28.3 X —=2_ 98.3 x
(28.3 x =, 16. 1)

— (17.96,50.98) is a 95% CI for o

(4.24,7.14) is a 95% CI for o
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Summary

 General (1 - a) Confidence Intervals.

« Confidence intervals are only for
parameters!

* CI for u, o assumed known — Z.
e CI for w, o unknown — T.

* CI for 0% — 2

* M confidence — wider interval

* ' sample size — narrower interval
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