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Multinomial Distribution - Motivation

Suppose we modified assumption (1) of the
binomial distribution to allow for more than
two outcomes.

For example, suppose that for the family
with parents that are heterozygote carriers
of a recessive trait, we are interested in
knowing the probability of

Qy: One of their n=3 offspring will be
unaffected (AA), 1 will be affected (aa) and
one will be a carrier (Aa),

Q,:All of their offspring will be carriers,

Qs:Exactly two of their offspring will be
affected (aa) and one will be a carrier.
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Multinomial Distribution - Motivation

For each child, we can represent these
possibilities with three indicator variables
for the i-th child as

Y;; = 1 if unaffected (AA), & 0 otherwise
Y,, = 1 if carrier (Aa), & 0 otherwise
Y;; = 1 if affected (aa), & 0 otherwise

Notice only one of the three Y;;, Y;,, Y;3 can
be equal to 1, s0 %; Y;; = 1.

For the binomial distribution with 2
outcomes, there are 2" unique outcomes in
n trials. In the family with n=3 children,
there are 23 = 8 unique outcomes.

For the multinomial distribution with n
trials and only 3 outcomes, the number of
unique outcomes is 3". For our small
family, that’s 33=27 outcomes.
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Possible Outcomes

Combinations: As with the binomial, there are
different ways to arrange possible outcomes
from a total of n objects (trials) if order doesn’t
matter. For the multinomial distribution, the
combinations are summarized as

n!
C =
< KK, -k, !

where the k; (j=1,2,...,J) correspond to the
totals for the different outcomes.

E.g. (n=2 offspring)

Child number

1 2 Qutcomes

AA AA 2 unaffected, 0 carrier, 0 affected
AA Aa 1 unaffected, 1 carrier, 0 affected
Aa AA 1 unaffected, 1 carrier, 0 affected
AA aa 1 unaffected, O carrier, 1 affected
aa AA 1 unaffected, O carrier, laffected
Aa Aa 0 unaffected, 2 carrier, 0 affected
aa aa 0 unaffected, O carrier, 2 affected
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For the case of n=2 offspring (i.e., trials), what are
the probabilities of these outcomes?

E.g. (n=2, k,=unaffected, k,=carrier, k,=affected)

Child number

1 2 Qutcomes # ways
P, P, k;=2,k,=0,k;=0 < 1
oX oX k=1 k=1 k,=0 ——
P Pq k=1, k :11k3:0

o Ps k,=1k,=0 k=1 /2
P3 P1 K;=1,k;=0,ky=1

P2 P2 K;=0,k;=2,ks=0 < 1
3 2

2 3

o Ps k;=0,k,=0,k;=2 < 1

For each possible outcome, the probability

PriY =ky, Y,=K,, Y;=K;] IS

There are

n!

k!

Kl k2 K3
P1" P2 P3

sequences for each

probability, so in general...
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Multinomial Probabilities

What is the probability that a multinomial random
variable with n trials and success probabilities py, p,,
..., py Will yield exactly ki, k,, ...k; successes?

nl

P(lekl’YZZKZ’H.YJ:kJ):k1!k2!~.-.kJ! 1kl 52 S(J

Assumptions:

1) J possible outcomes — only one of which can be a
success (1) a given trial.

2) The probability of success for each possible
outcome, p;, Is the same from trial to trial.

3) The outcome of one trial has no influence on other
trials (independent trials).

4) Interest 1s in the (sum) total number of “successes”™
over all the trials.

Ki [ Ko [Ks [Ky | K] Ky

n=3%, kj Is the total number of trials.
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Multinomial Random Variable

A multinomial random variable is simply

the total number of successes in n trials.

Example: family of 3 offspring.

Qi

childl  child2 child3 | Total

1{0(0|+|0|0|1(+|/0|1{0|=|1|1

Qy:

Qs:
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/I\/Iultinomial Probabilities - Examples \

Returning to the original questions:

Q,: One of n=3 offspring will be unaffected
(AA), one will be affected (aa) and one will be
a carrier (Aa) (recessive trait, carrier parents)?

Solution: For a given child, the probabilities of the
three outcomes are:

p, = Prl[AA] = 1/4,
p, = Pr[Aa] = 1/2,
p; = Pr[aa] = 1/4.

We have

3!
P, =LY, =LY, =1)= - PuPaPs

Relan (1) ( 1)1@1
QOO \4)2) 4
\ -3 _0.1875.

16
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/ Binomial Probabilities - Examples \

Q,: What is the probability that all three
offspring will be carriers?

31
P(Yl :O’Yz :3’Y3 :O)— 013101 plo pg p:?

(32O ( 1)‘) ( 1)3 ( 1)°
C3Mm\4)\2)\4
:l:0.125.

8

Q;: What is the probability that exactly two
offspring will be affected and one a carrier?

P(Y1=O,Y2=1,Y3=2)— p1 pzps

011121
_(3)Q) ( j (_ } j
(2)(1) 4

\ :——009375 /
32
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/ Example - Mean and Variance \

It turns out that the (marginal) outcomes of
the multinomial distribution are binomial. We
can immediately obtain the means for each
outcome (i.e., the j cell)

MEAN: E[kj] = EJ;Zn:Yij:| = Zn: E[Yij]
= Z P; =Np;

VARIANCE:
V[kj] :V[ZYU} = ZV[Yij]

:i pj(l_ pj) :npj(l_ pj)

COVARIANCE:

\ Covlk;,k;]=—np; p, /
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Multinomial Distribution Summary

Multinomial

Discrete, bounded
Parameters - n, py, Py, ---,P;
Sum of n independent outcomes

Extends binomial distribution

o B~ W D

Polytomous regression, contingency
tables
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Continuous Distributions

Summer 2019
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Continuous Distributions

For measurements like height and weight
which can be measured with arbitrary
precision, it does not make sense to talk
about the probability of any single value.
Instead we talk about the probability for an
interval.

P[weight = 70.000kg] = 0
P[69.0kg < weight < 71.0kg] = 0.08

For discrete random variables we had a
probability mass function to give us the
probability of each possible value. For
continuous random variables we use a
probability density function to tell us about
the probability of obtaining a value within
some interval.
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E.g. Rosner - diastolic blood pressure in 35-
44 year-old men (figure 5.1)

Density

_ B|c
0 | ' -8 90 95 100
Diastolic bp (mm Hg)

For any interval, the area under the curve
represents the probability of obtaining a value
In that interval.
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Probability density function

1. A function, typically denoted f(x), that
gives probabilities based on the area
under the curve.

2.f(x) >0

3. Total area under the function f(x) is 1.0.
[f(x)dx=1.0

Cumulative distribution function

The cumulative distribution function, F(t),
tells us the total probability less than some
value t.

F(t) =P(X <)

This is analogous to the cumulative relative
frequency.
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Weight, males 30-40

MTM

120 140

40 60 (80) 100

weight - kg

Prob[wgt < 80]

Area under the curve

<=y}

p
0.00204)08 08 1.0

Cumulative Dist Fn

o

40 60 (80) 100 120 140

weight - kg

0.40

Summer 2019

Summer Institutes

78




X

b,

FEIRXTN

NDESBANK

Y XX

ié |

|
m
i)
o
3
=
=1
e
[

THE
NORMAL
LAW OF ERROR
BTANDS OUT IN THE
EXPERIENCE OF MANKIND
AB ONE OF THE BROADEST
GENERALIZATIONS OF NATURAL
PHILOSOPHY € IT GERVES AB THE
GQUIDING INBTRUMENT IN RESEARCHES
IN THE PHYBICAL AND S8QCIAL BCIENCES AND
IH MEDICINE AGRICULTURE AND ENGINEERING &
IT i8 AN INCISPENBABLE TOOL FOR THE ANALYSIS AND THE
INTERPRETATION OF THE BASIC DATA GBTAINED BY OBSERVATION AND KEXPERIMENT
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Normal Distribution

« A common probability model for
continuous data

e Can be used to characterize the Binomial
or Poisson under certain circumstances

* Bell-shaped curve
— takes values between -oo and + oo
= symmetric about mean
= mean=median=mode
« Examples
birthweights
blood pressure

CD4 cell counts (perhaps transformed)
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Normal Distribution

Specifying the mean and variance of a normal
distribution completely determines the
probability distribution function and, therefore,
all probabilities.

The normal probability density function is:

n ~ 3.14 (a constant)

Notice that the normal distribution has two
parameters:

u = the mean of X
o = the standard deviation of X

We write X~N(u , o2). The standard normal
distribution is a special case where u=0and o
= 1.
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_‘Jl\ M
Ky 5] Hy X

Hy < ity <y
FIGURE 3.6.3
Three Normal Distributions with Different Means

94

Ty

0,< 03 <0y
FIGURE 3.6.4
Three Normal Distributions with Different Standard Deviations

|
* . 4=0

FIGURE 3.6.5 J
The Unit Normal Distribution
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Normal Distribution -
Calculating Probabilities

Example: Rosner 5.20

Serum cholesterol is approximately normally
distributed with mean 219 mg/mL and standard
deviation 50 mg/mL. If the clinically desirable
range is < 200 mg/mL, then what proportion of
the population falls in this range?

X = serum cholesterol in an individual.

n=
o=
200 1] 1 (x—219)°
P[x < 200] = exp| —= dx
[ ! 5027 p( 2 50° J

.

negative values for cholesterol - huh?
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Standard Normal Distribution -
Calculating Probabilities

First, let’s consider the standard normal -
N(0,1). We will usually use Z to denote a
random variable with a standard normal
distribution. The density of Z is

f(z)= rexp(—lz j

and the cumulative distribution of Z is:
x 1 1,
P(Z <X)=d(x) = j—exp(——z jdz
N2 2

Tables (Rosner table 3) and computer routines
are available for calculating these probabilities.
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TABLE 3 The normal distribution

f(x)=___l_e(—|f2)x= _ flo= 1 -l

s

&Jl—ﬂbix):i’r(x>x)
0 P S e—

x 0 X
(@ © (b) ©

Cixy=Pr(i0€ X< x) D(x)=Pri-x€ X< x)

ES = L -l : f % (x) = - etV
< fla= ¢ f 7
4‘(_ / var ) / N2

&
<
< :

&l

Alx) = D(x)y= PriX<x)

0 LI 5 Paxn ¥

X -X x
- (e U (d) U

x A° B® c° D+ x A B c D
0.0 5000 - 5000 0 0 0.32 6255 3745 1255 2510
0.01 5040 4960 0040 0080 033 6293 3707 1293 2586
0.02 .5080 4920 .0080 0160 0.34 6331 3669 1331 2661
0.03 5120 4880 0120 0239 0.35 6368 3632 1368 2137
0.04 5160 4840 0160 0319 0.36 6406 3594 ~1406 2812
0.05 5199 4801 0199 0399 0.37 6443 3557 1443 2886
0.06 5239 4761 0239 0478 0.38 6480 3520 1480 2961
0.07 5279 4721 0279 0558 0.39 6517 3483 A517 3035
0.08 5319 4681 0319 0638 0.40 6554 3446 1554 3108
0.09 5359 . 4641 0359 0717 0.41 6591 3409 1591 3182
0.10 5398 4602 0398 0797 0.42 6628 3372 1628 3255
0.11 5438 4562 0438 0876 0.43 6664 3336 1664 3328
0.12 5478 4522 0478 0955 0.44 6700 3300 1700 .3401
0.13 5517 4483 0517 1034 0.45 6736 3264 1736 3473
0.14 5557 4443 0557 1113 046 612 3228 1772 3545
015 . .5596 4404 0596 1192 0.47 6808 3192 1808 3616
0.16 5636 4364 0636 1271 048 6844 3156 1844 3688
0.17 5675 4325 0675 1350 0.49 6879 3121 1879 3759
0.18 5714 4286 . 074 1428 0.50 6915 3085 1915 3829
0.19 ) 4247 0 1507 0.5! 6950 3050 1950 3899
(020) (@20 (o193)  (1585) 052 6985 3015 1985 3969
021 3832 4168 0832 To6 053 7019 2981 2019 4039
0.22 5871 4129 0871 1741 0.54 7054 2946 2054 A108
023 5910 4090 0910 1819 0.55 7088 2912 2088 A177
024 5948 4052 0948 1897 056 7123 2877 2123 4245
025 5987 4013 0987 1974 0.57 157 2843 2157 4313
0.26 6026 3974 1026 2051 0.58 7190 2810 2190 4381
0.27 6064 3936 1064 2128 0.59 7224 2776 2224 4448
0.28 6103 3897 1103 2205 0.60 7257 2743 2257 4515
0.29 6141 3859 1141 2282 061 7291 2709 2291 4581
0.30 6179 3821 1179 2358 0.62 7324 2676 2324 A647
0.31 6217 3783 217 2434 063  .7357 2643 2357 4713
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TABLE 3 (Continued)

x A° ' Bb ce D " x A B c D
1.56 9406 0594 4406 8812 203 9788 0212 4788  .9576
1.57 9418 0582 4418 8836 204 9793 0207 4793 = 9586
1.58 9429 0571 .4429 .8859 205 9798 .0202 4798 9596
1.59 9441 0559 4441 8882 206 9803 0197 .4803 9606
1.60 9452 0548 .4452 .8904 2,07 9808 .0192 4808 9615
1.61 9463 0537 4463 .8926 208 9812 0188 4812 9625
1.62 9474 0526 4474 .8948 209 9817 0183 4817 9634
1.63 9484 0516 .4484 .8969 2.10 9821 0179 4821 9643
1.64 9495 0505 4495 .8990 211 9826 0174 4826 9651
1.65 9505 .0495 .4505 9011 2.12 9830 0170 4830 9660
1.66 9515 0485 4515 9031 213 9834 0166 4834 9668
1.67 9525 0475 4525 9051 2.14 9838 0162 4838 9676
1.68 9535 0465 4535 9070 2.15 9842 0158 .4842 9684
1.69 9545 0455 4545 9090 2.16 9846 0154 4846 9692
1.70 9554 0446 4554 9109 2.17 9850 0150 4850 .9700
1.71 9564 0436 4564 9127 2.18 9854 0146 4854 9707
1.72 9573 .0427 4573 9146 2.19 9857 .0143 4857 9715
1.73 9582 0418 4582 9164 220 9861 0139 4861 9722
1.74 9591 0409 4591 9181 221 9864 0136 4864 9729
1.75 9599 .0401 4599 9199 222 9868 0132 4868 9736
1.76 9608 0392 4608 9216 | 223 9871 0129 4871 9743
1.77 9616 .0384 .4616 9233 224 9875 0125 4875 9749
1.78 9625 0375 .4625 .9249 225 9878 0122 4878 9756
1.79 9633 0367 4633 9265 226 9881 0119 4881 9762
1.80 9641 .0359 4641 9281 227 9884 0116 4884 9768
1.81 9649 .0351 4649 9297 228 9887 0113 4887 9774
1.82 9656 .0344 4656 9312 229 9890 0110 4890 9780
1.83 9664 .0336 4664 9327 2.30 9893 0107 4893 9786
1.84 9671 0329 4671 9342 231 9896 0104 4896 .9791
1.85 9678 .0322 4678 9357 2.32 9898 0102 4898 9797
1.86 9686 0314 4686 9371 233 9901 .0099 4901 .9802
1.87 9693 0307 4693 9385 234 9904 0096 .4904 9807
1.88° 9699 0301 4699 9399 2.35 9906 0094 4906 9812
1.89 9706 .0294 4706 9412 236 9909 0091 4909 9817
190 9713 0287 4713 9426 237 9911 0089 4911 9822
191 9719 0281 4719 9439 2.38 9913 0087 .4913 9827
192 9726 .0274 4726 9451 2.39 9916 0084 - 4916 9832
193 9732 0268 4732 9464 240 9918 0082 4918 9836
194 9738 0262 4738 9476 241 9920 0080 .4920 .9840
1.95 9744 0256 4744 9488 242 9922 0078 4922 9845
196 9750 0250 4750 9500 243 9925 0075 .4925 9849
197 9756 0244 4756 9512 2.44 9927 0073 4927 9853
198 9761 0239 4761 9523 245 9929 0071 4929 9857
199 9767 0233 4767 9534 246 9931 0069 4931 9861
200 9772 0228 4772 9545 247 9932 0068 4932 9865
201 9778 0222 4778 9556 248 9934 0066 4934 9869
202 9783 0217 4783 9566 249 9936 0064 4936 9872
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Standard Normal Probabilities

Using Rosner, table 3, find

m) P[Z<1.65]=

P[Z > 0.5] =

P[-1.96 < Z < 1.96] =

P[-0.5<Z<2.0]=
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TABLE 3 The normal distribution

s

Bx)=1-Dix)=PriX>x)

Fl)= = eV

&l

Cix)=Pri0€ X< x)

- _1_ -l
f(x)—me

X

0
(b)

D(x)=Pri-x€ X< x)

_ 1l -2t
f= gz ¢

(Continued)

-X

P

Summer 2019

4671

Summer Institutes

- B® C° Dd T x A c D
9406 0594 4406 .8812 203 9788 .0212 4788  .9576
9418 0582 4418 .8836 204 9793 0207 4793 9586
9429 0571 4429 8859 205 9798 0202 4798 9596
9441 0559 .4441 8882 206 9803 0197 .4803 9606
9452 0548 4452 8904 207 9808 0192 4808 9615
9463 0537 4463 .8926 208 9812 0188  .4812 9625
9474 0526 4474 .8948 209 9817 0183 4817 9634
9484 0516 .4484 .8969 2.10 9821 0179 4821 9643
.949 0505 4495 .8990 2.11 9826 0174 4826 9651
§® 0495 4505 9011 2.12 9830 0170 4830 9660
9515 0485 4515 9031 2.13 9834 0166 .4834 9668
9525 0475 4525 9051 2.14 9838 0162 4838 .9676
9535 .0465 4535 9070 2.15 9842 0158 4842 9684
9545 0455 4545 9090 2.16 9846 0154 4846 .9692
9554 0446 4554 9109 2.17 9850 0150 4850 9700
9564 0436 4564 9127 2.18 9854 0146 4854 9707
9573 0427 4573 9146 2.19 9857 0143 4857 9715
9582 0418 4582 9164 220 9861 0139 4861 9722
9591 0409 4591 9181 221 9864 0136 4864 9729
9599 0401 4599 9199 222 9868 0132 4868 9736
9608 0392 4608 9216 | 223 9871 0129 4871 9743
9616 0384 4616 9233 224 9875 0125 4875 9749
9625 0375 .4625 .9249 225 9878 0122 4878 9756
9633 0367 4633 9265 226 9881 0119 4881 9762
9641 0359 4641 9281 227 9884 0116 4884 9768
9649 0351 4649 9297 228 9887 0113 4887 9774
9656 .0344 4656 9312 229 9890 0110 4890 9780
9664 0336 .4664 9327 2.30 9893 0107 4893 9786
9671  .0329 9342 231 9896 0104 4896 9791
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Standard Normal Probabilities

Using Rosner, table 3, find

P[Z < 1.65] = 0.9505.

® P[Z>05]=

P[-1.96 < Z < 1.96] =

P[-0.5<Z<2.0]=
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TABLE 3 The normal distribution

Alx) =D(x)y= PriX<x)

= b e
fo=pne

flo=

s

A

&l

0 X

D(x)=Pri-x€ X< x)

fix) = ‘_1_ e(—l/zlx’

N2

1 e
C'( [Fp474

&Jl—ﬂbix) =PriX>x)
N——>

-x 0 x
. (d)

x A° B® c® D+ x A B c D

0.0 5000 5000 0 0 0.32 6255 3745 1255 2510
0.01 5040 4960 0040 L0080 0.33 6293 3707 1293 2586
0.02 5080 4920 .0080 0160 0.34 6331 3669 1331 2661
0.03 5120 4880 0120 0239 0.35 6368 3632 1368 2737
0.04 5160 4840 0160 0319 0.36 6406 3594 -1406 2812
0.05 5199 4801 0199 0399 0.37 6443 3557 1443 2886
0.06 5239 4761 0239 0478 0.38 6480 3520 1480 2961
0.07 5279 4721 0279 0558 0.39 6517 3483 A517 3035
0.08 5319 468t 0319 0638 0.40 6554 3446 1554 3108
0.09 5359 4641 0359 0717 0.41 6591 3409 1591 3182
0.10 5398 4602 0398 0797 0.42 6628 3372 1628 3255
0.11 5438 4562 0438 0876 0.43 6664 3336 1664 3328
0.12 5478 4522 0478 0955 0.44 6700 3300 1700 .3401
0.13 5517 4483 0517 1034 0.45 6736 3264 1736 3473
0.14 5557 4443 0557 1113 0.46 6772 3228 1772 3545
015 . .5596 4404 0596 1192 0.47 6808 3192 1808 3616
0.16 5636 4364 0636 1271 048  .6844 3156 1844 3688
0.17 5675 4325 0675 1350 ).49 6879 3121 1879 3759
0.18 5714 4286 . 074 1428 £915 1915 3829
0.19 5753 4247 0753 1507 0.51 6950 3050 1950 3899
0.20 5793 4207 0793 1585 0.52 6985 3015 1985 3969
0.21 5832 4168 0832 1663 0.53 7019 2981 2019 4039
0.22 5871 4129 0871 1741 0.54 7054 2946 2054 A108
023 5910 4090 0910 1819 0.55 7088 2912 2088 A177
024 5948 4052 0948 1897 056 7123 2877 2123 4245
025 5987 4013 0987 1974 0.57 157 2843 2157 4313
0.26 6026 3974 1026 2051 0.58 7190 2810 2190 4381
0.27 6064 3936 1064 2128 0.59 7224 2776 2224 4448
0.28 6103 3897 1103 2205 0.60 7257 2743 2257 4515
0.29 6141 3859 1141 2282 0.61 J291 2709 2291 4581
0.30 6179 3821 1179 2358 0.62 7324 2676 2324 A647
0.31 6217 3783 217 2434 063  .7357 2643 2357 4713
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Standard Normal Probabilities

Using Rosner, table 3, find
P[Z < 1.65] = 0.9505.
P[Z > 0.5] = 0.3085.

® P[-1.96<Z<1.96]=

P[-0.5<Z<2.0]=
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TABLE 3 The normal distribution

Alx) =D(x)=PrX<x)

- b i
flix)= N €

Fl) = = V0

/

gl

Bx)=1-Dix)=PriX>x)

0 x 0 X
(@) (b)
Cx)=Pri0< X< 1) D=Prixs X< )
flo= ﬁ A1/ ’/f(x) = ﬁ Pty
5—&
D
< .
Q x —x‘ 0 @
(c) (d)
TABLE 3 (Continued)

x A° ' B® ce D¢ " x A B c D
1.74 9591 0409 .4591 9181 221 9864 0136 4864 9729
1.75 9599 0401 4599 9199 222 9868 0132 4868 9736
1.76 9608 .0392 4608 9216. | 223 9871 .0129 4871 9743
1.77 9616 .0384 4616 9233 224 9875 0125 4875 9749
1.78 9625 0375 .4625 .9249 225 9878 0122 4878 9756
1.79 9633 0367 4633 9265 226 9881 0119 4881 9762
1.80 9641 .0359 4641 9281 227 9884 0116 .4884 9768
1.81 9649 0351 4649 9297 228 9887 0113 4887 9774
1.82 9656 .0344 4656 9312 229 9890 0110 .4890 9780
1.83 9664 0336 4664 9327 2.30 9893 0107 4893 9786
1.84 9671 0329 4671 9342 231 9896 0104 4896 9791
1.85 9678 .0322 4678 9357 2.32 9898 0102 4898 9797
1.86 9686 0314 4686 9371 233 9901 .0099 4901 .9802
1.87 9693 0307 4693 9385 234 9904 0096 .4904 9807
1.88° 9699 0301 4699 9399 2.35 9906 0094 4906 9812
1.89 9706 .0294 4706 9412 236 9909 0091 4909 9817
190 9713 0287 4713 .9426 237 9911 0089 4911 9822
191 9719 0281 4719 9439 2.38 9913 0087 .4913 9827
192 9726 0274 4726 9451 239 9916 0084 4916 9832
193 9732 .0268 4732 9464 240 9918 0082 4918 9836
194 9738 0262 4738 9476 241 9920 0080 .4920 .9840

g 9744 0256 .4744  .9488 242 9922 0078 .4922 9845

9750 .0250 .4750 00 243 9925 0075 4925 9849
19 9756 0244 4756 9512 244 9927 0073 4927 9853
198 9761 .0239 4761 9523 245 9929 0071 4929 9857
199 9767 0233 4767 9534 246 9931 0069 4931 9861
200 9772 0228 4772 9545 247 9932 0068 4932 9865
201 9778 0222 4778 9556 248 9934 0066 4934 9869
202 9783 0217 4783 9566 249 9936 0064 4936 9872
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Standard Normal Probabilities

Using Rosner, table 3, find
P[Z < 1.65] = 0.9505.
P[Z > 0.5] = 0.3085.
P[-1.96 < Z <1.96] = 0.9500
® P[-05<Z<20]=?
=P[-05<Z<0]+P[0<Z<2.0]
=P[0<Z<05]+P[0<Z<2.0]

using column (c) from Table 3

=0.1915+0.4772 = 0.6687.
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Converting to Standard Normal

This solves the problem for the N(0,1) case.
Do we need a special table for every (u,c)?

Nol!

Define: X = u + 6Z where Z ~ N(0,1)
LEX)=p+oE(Z)=n

2.V(X) =02V(2) = 62

3. X is normally distributed!

Linear functions of normal RV’s are also
normal.

If X~N(u, o?)andY =aX+bhb
then
Y ~ N(au + b, a ?6?)
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Converting to Standard Normal

How can we convert a N(u,c2) to a standard
normal?

Standardize:

What is the mean and variance of Z?

1. E(Z) = (1/ 6)E(X - n) =0
2. V(2) = (1/ s)V(X) = 1
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Normal Distribution -
Calculating Probabilities

Return to cholesterol example (Rosner 5.20)

Serum cholesterol is approximately normally
distributed with mean 219 mg/mL and standard
deviation 50 mg/mL. If the clinically desirable
range is < 200 mg/mL, then what proportion of
the population falls in this range?

P(X < 200)

P
o 50

p[7 < 200—219)
50

P(Z <-0.38)
P(Z > 0.38) from Table 3, column (b)
0.3520.

X—p _ 200-219)

Summer 2019
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Normal Approximation to
Binomial

Example

Suppose the prevalence of HPV in women 18 -
22 years old is 0.30. What is the probability that
In a sample of 60 women from this population 9
or fewer would be infected?

Random variable?

Distribution?

Parameter(s)?

Question?
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A2

Fraction

Binomial

X

graph X [weight=PX] if (X<37), hist bin(37) normal gap(3) yscale(0,.12)

Summer 2019
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Normal Approximation to
Binomial

Binomial

« When np(1-p) is “large” the normal may
be used to approximate the binomial.

« X ~ bin(n,p)
E(X)=np
V(X) = np(1-p)
- X is approximately N(np,np(1-p))
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Normal Approximation to
Binomial

Example

Suppose the prevalence of HPV in women 18 -
22 years old is 0.30. What is the probability that
in a sample of 60 women from this population
that 9 or less would be infected?

Random variable?
— X = number infected out of 60
Distribution?
= Binomial
Parameter(s)?
= n=60, p=.30
Question?
= P(X<9)=

= normal approx. =
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Binomial CDF and Normal Approximation

0.3 1.0
|

0.6

F{¥ =x)

0.4

— Exact Binomial
---- Mormal Approsx.

0.0
|

0 10 20 30 40 50 60

P(X <9, n=60, p=.3) = 0.0059

X—-np 9—60%.3

Pt < 7 P2 < -2.535) = 0.0056.
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