
Linkage Disequilibrium

This term reserved for association between pairs of alleles – one

at each of two loci.

When gametic data are available, could refer to gametic disequi-

librium.

When genotypic data are available, but gametes can be inferred,

can make inferences about gametic and non-gametic pairs of

alleles.

When genotypic data are available, but gametes cannot be in-

ferred, can work with composite measures of disequilibrium.
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Linkage Disequilibrium

For alleles A and B are two loci, the usual measure of linkage

disequilibrium is

DAB = PAB − pApB

Whether or not this is zero does not provide a direct state-

ment about linkage between the two loci. For example, consider

marker YFM and disease DTD:

A N Total

+ 1 24 25
YFM

− 0 75 75

Total 1 99 100

DA+ =
1

100
−

1

100

25

100
= 0.0075, (maximum possible value)
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Aside: Gametic Linkage Disequilibrium

For loci A, B define indicator variables x, y that take the value

1 for allele A, B and 0 for any other alleles. If gametes within

individuals are indexed by j, j = 1,2 then for expectations over

samples from the same population

E(xj) = pA, j = 1,2 , E(yj) = pB j = 1,2

E(x2
j ) = pA, j = 1,2 , E(y2

j ) = pB j = 1,2

E(x1x2) = PAA , E(y1y2) = PBB

E(x1y1) = PAB , E(x2y2) = PAB

The variances of xj, yj are pA(1− pA), pB(1− pB) for j = 1,2 and

the covariance and correlation coefficients for x and y are

Cov(x1, y1) = Cov(x2, y2) = PAB − pApB = DAB

Corr(x1, y1) = Corr(x2, y2) = DAB/
√

[pA(1 − pA)pB(1 − pB)] = ρAB
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Estimation of LD

With random sampling of gametes, gamete counts have a multi-

nomial distribution:

Pr(nAB, nAb, naB, nab) =
n!(PAB)nAB(PAb)

nAb(PaB)naB(Pab)
nab

nAB!nAb!naB!nab!

The data are the counts of four gamete types, so there are three

degrees of freedom. There are three parameters: pA, pB, DAB so

Bailey’s method leads directly to MLE’s:

D̂AB = P̃AB − p̃Ap̃B

ρ̂AB = rAB =
D̂AB

√

p̃Ap̃ap̃Bp̃b
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Testing LD

The MLE of DAB is

D̂AB = P̃AB − p̃Ap̃B =
1

n2
(nABnab − nAbnaB)

where n is the number of gametes in the sample. For large n,

this estimate is normally distributed about the parametric value

DAB, so if DAB = 0

X2
AB =

D̂2
AB

Var(D̂AB)
∼ χ2

(1)

When DAB = 0, Var(D̂AB) = pA(1 − pA)pB(1 − pB)/n and the

test statistic is calculated as

X2
AB =

nD̂2
AB

p̃A(1 − p̃A)p̃B(1 − p̃B)

This can be written as X2
AB = nr2AB, by analogy to the test

statistic X2 = nf̂2 for Hardy-Weinberg equilibrium.
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Aside: Testing LD

Writing the MLE of DAB as

D̂AB =
1

n2
(nABnab − nAbnaB)

where n is the number of gametes in the sample, allows the use

of the “Delta method” to find

Var(D̂AB) ≈
1

n
[pA(1 − pA)pB(1 − pB)

+ (1 − 2pA)(1 − 2pB)DAB − D2
AB]

When DAB = 0, Var(D̂AB) = pA(1 − pA)pB(1 − pB)/n.

If D̂AB is assumed to be normally distributed then

X2
AB =

D̂2
AB

Var(D̂AB)
= nρ̂2

AB = nr2AB

is appropriate for testing H0 : DAB = 0. When H0 is true,

X2
AB ∼ χ2

(1)
. Note the analogy to the test statistic for Hardy-

Weinberg equilibrium: X2 = nf̂2.
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Goodness-of-fit Test

The test statistic for the 2 × 2 table

nAB nAb nA
naB nab na

nB nb n

has the value

X2 =
n(nABnab − nAbnaB)2

nAnanBnb

=
nD̂2

AB

p̃Ap̃ap̃Bp̃b

For DTD/YFM example, X2 = 3.03. This is not statistically

significant, even though disequilibrium was maximal.
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Composite Disequilibrium

When genotypes are scored, it is often not possible to distinguish

between the two double heterozygotes AB/ab and Ab/aB, so that

gametic frequencies cannot be inferred.

Under the assumption of random mating, in which genotypic fre-

quencies are assumed to be the products of gametic frequencies,

it is possible to estimate gametic frequencies with the EM algo-

rithm. To avoid making the random-mating assumption, how-

ever, it is possible to work with a set of composite disequilibrium

coefficients.
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Composite Disequilibrium

Although the separate digenic frequencies pAB (one gamete) and

pA,B (two gametes) cannot be observed, their sum can be since

pAB = PAB
AB +

1

2
PAB

Ab +
1

2
PAB

aB +
1

2
PAB

ab

pA,B = PAB
AB +

1

2
PAB

Ab +
1

2
PAB

aB +
1

2
PAb

aB

pAB + pA,B = 2PAB
AB + PAB

Ab + PAB
aB +

PAB
ab + PAb

aB

2

Digenic disequilibrium is measured with a composite measure

∆AB defined as

∆AB = pAB + pA,B − 2pApB

= DAB + DA,B

which is the sum of the gametic (DAB = pAB−pApB) and nonga-

metic (DA,B = pA,B − pApB) coefficients.
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Composite Disequilibrium

If the counts of the nine genotypic classes are

BB Bb bb
AA n1 n2 n3
Aa n4 n5 n6
aa n7 n8 n9

the count for pairs of alleles in an individual being A and B,

whether received from the same or different parents, is

nAB = 2n1 + n2 + n4 +
1

2
n5

and the MLE for ∆ is

∆̂AB =
1

n
nAB − 2p̃Ap̃B
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Composite LD and Allele Dosage

The allele dosage for a SNP is the number of copies of the (say)

the reference allele carried by an individual. If A is the reference

allele for SNP A, then genotypes AA, Aa, aa have dosages XA of

2,1,0.

The covariance of allele dosages XA, XB for loci A, B is

Cov(XA, XB) = 2∆AB

By analogy to the tests for within-population inbreeding and for

gametic linkage disequilibrium, a test statistic for composite LD

is

X2
ABc

= nr2ABc

where rABc is the sample correlation coefficient for allele dosages

at the two loci over the n individuals in a sample.
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Example

A sample of size 15 has these two-locus genotypes and allele

dosages:

XA X2
A XB X2

B XAXB

1 AAbb 2 4 0 0 0
2 AAbb 2 4 0 0 0
3 AaBB 1 1 2 4 2
4 AaBb 1 1 1 1 1
5 AaBb 1 1 1 1 1
6 AaBb 1 1 1 1 1
7 Aabb 1 1 0 0 0
8 Aabb 1 1 0 0 0
9 Aabb 1 1 0 0 0
10 Aabb 1 1 0 0 0
11 aaBb 0 0 1 1 0
12 aabb 0 0 0 0 0
13 aabb 0 0 0 0 0
14 aabb 0 0 0 0 0
15 aabb 0 0 0 0 0

Sum SA = 12 SAA = 16 SB = 6 SBB = 8 SAB = 5

Section 3.4 Slide 12



Example (contd.)

The sample means, variances, covariance and correlation of

dosages XA, XB are:

means: X̄A = SA/n = 12/15; X̄B = SB/n = 6/15

variances: s2A = (SAA − S2
A/n)/(n − 1) = (16 − 144/15)/14;

s2B = (SBB − S2
B/n)/(n − 1) = (8 − 36/15)/14

covariance: sAB = (SAB − SASB/n)/(n − 1) = (5 − 72/15)/14

correlation: r2ABc
= s2AB/s2As2B = 1/(32 ∗ 28)

test statistic: X2
ABc

= nr2ABc
= 0.0168

The hypothesis of no composite LD is not rejected. If there is

HWE is this the same as testing for LD.
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Aside: Composite Linkage Disequilibrium

For loci A, B define indicator variables x, y that take the value

1 for allele A, B and 0 for any other alleles. If gametes within

individuals are indexed by j, j = 1,2 then for expectations over

samples from the same population

E(xj) = pA, j = 1,2 , E(yj) = pB j = 1,2

E(x2
j ) = pA, j = 1,2 , E(yj) = pB j = 1,2

E(x1x2) = PAA , E(y1y2) = PBB

E(x1y1) = PAB , E(x2y2) = PAB

E(x1y2) = PA,B , E(x2y1) = PA,B

Write

DA = PAA − p2
A , DB = PBB − p2

B

DAB = PAB − pApB , DA,B = PA,B − pApB

∆AB = DAB + DA,B
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Aside:Composite LD and Allele Dosage

Now set X = x1 + x2, Y = y1 + y2, the allelic dosages at each

locus, to get

E(X) = 2pA , E(Y ) = 2pB

E(X2) = 2(pA + PAA) , E(Y 2) = 2(pB + PBB)

Var(X) = 2pA(1 − pA)(1 + fA) , Var(Y ) = 2pB(1 − pB)(1 + fB)

and

E(XY ) = 2(PAB + PA,B)

Cov(X, Y ) = 2(PAB − pApB) + 2(PA,B − pApB)

= 2(DAB + DA,B) = 2∆AB

Corr(X, Y ) =
∆AB

√

pA(1 − pA)(1 + fA)pB(1 − pB)(1 + fB)
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ASIDE: Composite Linkage Disequilibrium Test

∆̂AB = nAB/n − 2p̃Ap̃B

where

nAB = 2nAABB + nAABb + nAaBB +
1

2
nAaBb

This does not require phased data.

By analogy to the gametic linkage disequilibrium result, a test

statistic for ∆AB = 0 is

X2
AB =

n∆̂2
AB

p̃A(1 − p̃A)(1 + f̂A)p̃B(1 − p̃B)(1 + f̂B)

This is assumed to be approximately χ2
(1)

under the null hypoth-

esis. The approximation rests on ignoring disequilibria between

three and four alleles of the two A and two B alleles.
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Aside: Example

For the data shown on Slide 12:

BB Bb bb Total

AA nAABB = 0 nAABb = 0 nAAbb = 2 nAA = 2
Aa nAaBB = 1 nAaBb = 3 nAabb = 4 nAa = 8
aa naaBB = 0 naaBb = 1 naabb = 4 naa = 5

Total nBB = 1 nBb = 4 nbb = 10 n = 15

nAB = 2 × 0 + 0 + 1 +
1

2
(3) = 2.5

nA = 12, p̃A = 0.4

nB = 6, p̃B = 0.2

f̂A = 1 −
8/15

0.48
= −0.11

f̂B = 1 −
4/15

0.32
= 0.17
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Aside: Example

The estimated composite disequilibrium coefficient is

∆̂AB =
2.5

15
− 2(0.4)(0.2) = 0.0067

The test statistic is

X2 =
15 × (0.0067)2

0.24× 0.89 × 0.16 × 1.17
= 0.02

Previous work on EM algorithm, assuming HWE, estimated pAB

as 0.0893 so

D̂AB = 0.0893− 0.4 × 0.2 = 0.0093

X2 =
30 × (0.0093)2

0.4 × 0.6 × 0.2 × 0.8
= 0.07
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1000 Genomes Example

Allele dosage squared correlations for pairs of SNPs on chromo-

somes 21 and 22 of the 1000 Genomes ACB and populations.

Heavy lines: means. Light lines: 5th and 95th percentiles.
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Aside: Multi-locus Entropy

It is difficult to describe associations among alleles at several

loci. One approach is based on information theory.

For a locus with sample frequencies p̃u for alleles Au the entropy

is

HA = −
∑

u
p̃u ln(p̃u)

For two loci with alleles Au, Bv, the entropy is

HAB = −
∑

u

∑

v
P̃uv ln(P̃uv)

In the absence of linkage disequilibrium P̃uv = p̃up̃v so

HAB = −
∑

u

∑

v
p̃up̃v[ln(p̃u) + ln(p̃v)]

= HA + HB

so if HAB 6= HA + HB there is evidence of dependence. This

extends to multiple loci.
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Aside: Conditional Entropy

If the entropy for a multi-locus profile A is HA then the condi-

tional probability of another locus B, given A, is HB|A = HAB −

HA.

In performing meaningful calculations for Y-STR profiles, this

suggests choosing a set of loci by an iterative procedure. First

choose locus L1 with the highest entropy. Then choose locus L2

with the largest conditional entropy H(L2|L1). Then choose L3

with the highest conditional entropy with the haplotype L1L2,

and so on.
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Aside: Conditional Entropy for Y-STR Data

Added Entropy
Marker Single Multi Cond.
DYS385ab 4.750 4.750 4.750
DYS481 2.962 6.972 2.222
DYS570 2.554 8.447 1.474
DYS576 2.493 9.318 0.871
DYS458 2.220 9.741 0.423
DYS389II 2.329 9.906 0.165
DYS549 1.719 9.999 0.093
DYS635 2.136 10.05 0.053
DYS19 2.112 10.08 0.028
DYS439 1.637 10.10 0.024
DYS533 1.433 10.11 0.010
DYS456 1.691 10.12 0.006
GATAH4 1.512 10.12 0.005
DYS393 1.654 10.13 0.003
DYS448 1.858 10.13 0.002
DYS643 2.456 10.13 0.002
DYS390 1.844 10.13 0.002
DYS391 1.058 10.13 0.002

Most-discriminating loci may not contribute to the most-discriminating

haplotypes. No additional discriminating power beyond 10 loci.
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