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Predicted Values

InbreedRelated Slide 2



Identity by Descent

The degree of dependence between a pair of alleles was described
by correlation by Wright (1922) and by the probability of identity
by descent (ibd) by Malécot (1948).

Two alleles are ibd if they have both descended from the same
allele in a reference population. Distinct pairs of alleles in that
reference population are not ibd. Therefore ibd is a relative, not
an absolute, concept.

Wright S. 1922. Coefficients of inbreeding and relationship. Am Naturalist
56:330-338.

Malécot G. 1948. The Mathematics of Heredity. Translated by Yermanos
DM (1960). Freeman, San Francisco.
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Evolutionary Replication

The concept of ibd rests on descent from a reference population
to the present generation, and this process is subject to genetic
sampling variation. The probability of ibd for two alleles is an
average over all possible evolutionary replicates of the history of
those alleles from reference to present.

This means that the population sampled to provide observed
genotypes is itself just one realization of an evolutionary process.
The allele proportions p in that population are (evolutionary)
sample values of underlying probabilities .
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Classical Model

Reference population

(Usually assumed infinite and in equilibrium)
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Kinship vs Inbreeding

The coancestry of individuals 3,3’ in a population is the proba-
bility an allele from j is ibd to an allele from j’. This is written

as ij/.

The inbreeding of individual 5 in a population is the probability
the two alleles in that individual are ibd. Write this as Fj.

Two alleles drawn from individual 3 are equally likely to be the
same allele or different alleles:

Oj; = %(1 + Fy)
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Predicted Values: Path Counting

/ N\

If there are n individuals (including j’,3”,J) in the path linking
the parents j/,5” through J, then the inbreeding F; of j, or the
coancestry 60,/;n of 5" and j”, is

1I\"
szej/j// — (§> (1—|—FJ)

If there are several ancestors, this expression is summed over all
the ancestors.
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Parent-Child

N

The common ancestor of parent j and child j' is j. The path
linking 4, 7 to their common ancestor is 55/ and this has n = 2
individuals. Therefore
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Full sibs

J J’
LN 7
L N
J 5’

The common ancestors of full sibs 5 and 5’ are J and J;!. The
paths linking j,j’ to their common ancestors are jJj’ and jJ'4’
and these each have n = 3 individuals. Therefore

= (4 ()=

InbreedRelated Slide 9



Average Coancestries

The average over all pairs of distinct individuals, j§ # j/, of the

coancestries ¢,/ is written as 0.

When information on individual genotypes is not available, the
probability that any pair of distinct alleles (within one individual
or in wto individuals) are ibd is 8. For a sample of size n, if the
average inbreeding coefficient is F; = Z;”:l Fj/n:

1 2n—2
]-l—

2n — 1 —1
When two alleles are sampled completely independently (includes
the same allele twice, different alleles within one individual and
in different individuals) the average ibd probability is 6y,. For a

sample of size n:

Op = g

—1

1
ow = 5 (1+F)+— 05

When there is Hardy-Weinberg equilibrium, g = F; so then 0p =
Og and Oy = [1 4+ (2n — 1)0g]/(2n).
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Within-population Inbreeding

For a population, the inbreeding coefficient for individual 3, rela-
tive to the identity of pairs of alleles between individuals in that
population, is
F,—0

fi = 3= 9;
The average over individuals within this population is the population-
specific f = (FF —6g)/(1 — 6g), and it is the quantity being ad-
dressed by hardy-Weinberg etsting for that population. Averag-
ing thus over populations gives what Wright called Fjyg.
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Within-population Kinship

For a population, the coancestry of individuals j,j’ relative to
the coancestry for all pairs of individuals in that population is

0.1 —0
¢jj/ — 27 5 New

1 —-0g
and these average zero over all pairs of individuals in the popu-
lation.

T he average coancestry for individual j is

v, =

j T 2. 05y
and the average relative kinship is

1‘7.Z 1—0g

%

Y =

n_
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k-coefficients

If individuals j and j’ are both not inbred, their two maternal
alleles may be ibd or not ibd, and their two paternal alleles may
be ibd or not but their maternal and paternal alleles are not ibd.

T he probabilities of two individuals having 0, 1 or 2 pairs of ibd
alleles are generally written as kg, K1,k and 6 = %/ﬁ:g -+ %ﬁ;l for
pairs of non-inbred individuals.
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Parent-Child

j’(ab)

j(cd)

Pr(c=a) =0.5, Pr(c=b)=0.5, k1 =1
Ko — O , Koy =
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Full sibs

InbreedRelated

U(ef) V(gh)

0.5 0.5
b=d b#%d
0.5 a=c¢ 0.25 0.25
0.5 a%c¢ 0.25 0.25

ko = 0.25, k1 = 0.50, ko = 0.25
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Non-inbred Relatives

Relationship Ko K1 KQ 0 = %/ﬁ:g + %/ﬁ}]_
Identical twins 1 0 O %
Full sibs % % % %
Parent-child O 1 O %
Double first cousins % % % %
: 11 1
Half sibs™ 0 5 5 i
: - 1 3 1
First cousins 0 = a i6
Unrelated 0] O 1 0

* Also grandparent-grandchild and avuncular (e.g. uncle-niece).
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Predicted vs Actual Kinship

V (ef)
W
J )

For half-sibs, for example, the predicted kinship, is (1/2)3 = 1/8.
However, alleles b, ¢ are equally likely to be ibd or not ibd (ibd if
they are both copies of e or f) so the actual coancestry is either
0.25 (with probability 1/2) or 0 (with probability 1/2). The
actual coancestry of j, 3/ has an expected value (the average over
evolutionary replicates of j,5’) of 1/8 and a standard deviation of
1/8. Over the whole genome, the standard deviation is 0.013.
The estimate from observed marker genotypes will be of the
actual (“gold standard"” ) coancestry.

Hill and Weir, Genet Res 2011
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Numerical Variation in Actual Kinship

Distribution of allele sharing over the whole genome
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Figure 5 of Hill and Weir, 2011.
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Empirical Variation in Actual Kinship

Estimated IBD Coefficients
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Figure 6 of Hill and Weir, 2011.
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T he Problem

We can predict various inbreeding and relatedness parameters if
we have the pedigree of the individuals. Actual degree of in-
breeding or relatedness can differ from predicted value.

How can we use genetic profiles to estimate the actual related-
ness status?
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Key Result

Two alleles are ibd if they have descended from the same allele
in a reference population.

If 6 is the probability two alleles are ibd, then the probability the
alleles are both of type A is

Pr(AA) = Ony+ (1 —0)n5

where w4 is the probability an allele is of type A. Suggests a
translation of ibd state to an observable state.

Problem: the reference population is not observable and w4 is
unknown.
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Inbreeding Coefficient

If the two alleles are those for individual 5, the ibd probability is
Fj. From the previous slide

Pr(Aa); = 2ma(1—74)(1 —F})
Define H; by H; =1 for Aa and H; = 0 for AA or aa:

() = 2m4(1—ma)(1~ F)

This relation suggests a moment estimator of F} in terms of
sample allele frequencies py:

~

A f;
Fi=1-— §
2pA(1 —pa)

This was given by Li and Horvitz (1953).
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Problem with Simple Estimator

The simple estimator is sometimes written as
— HObs
HExp
which uses observed and ‘expected’ heterozygosities.

1 - Fj

The problem is with the expected value:

£1254(1 — 5] = 2ma(1 =) [(1—05) = 5-(1 + Fr — 205)

where F is the average inbreeding coefficient of n individuals
in the sample providing py4, and 6g is the average coancestry
coefficient for all pairs of individuals in that sample.
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Aside: Derivation of Expected Heterozygosity

The sample frequency for allele A is the average of allelic indicators zj;, for
allele k,k = 1,2 in individual 5,7 = 1,2,...n. The indicators equal 1 for alleles
of type A and O otherwise. They have expectations
E(zjr) = ma
TA j=73 k=Fk
E(xjpxjrp) = Fima+ (1 —Fjmy  j=jk#FK
Ojjma+ (1 —0)m3 j# 5

The sample allele frequency, its mean and variance follow from

1 n 2
pa = %sz]k

E(Da)

A
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Aside: Derivation of Expected Heterozygosity

[,

1 n n 2 2 n n 2 2
~2 2
el DIDIL D B DD SIS D DB D PEIEI
j=1k=1 j=1k=1 k=1 j=1j'=1k=1 k=1

\ Gl J#T

( )
) _ 1 - _ 2 ~\ . — 0.2

E(R) = 4 5{2nmat?2 Y [Fima+ A —F)mil+4> ) [0ma+ (1—0;;)m3] ¢
j=1 j=175=1
\ i#ET )

1
= = {2nm4 4 2n[73 + 7a(1 — 7a) Fr] + 4n(n — 1)[73 + 7a(l — 74)05]}

1
= 7731 + 7ma(1 —7a) [95 + %(1 + Fr — 205)]

EFAL—5a)] = ma(l—ma) [(1 —05) (14 Fy - 265)
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Coancestry Coefficient

The ibd probability for a random allele from 5 and one from 5’ is
the coancestry coefficient ij/. If these two alleles are different,
estimation could proceed as for the inbreeding coefficient, but
with the same issue of having to estimate 2w 4(1 — m4).

Define Fljj/ for the proportion of pairs of alleles, one from 3 and
one from j’ that are different (between-individual “heterozygos-

ity ).
Averaging over all pairs of individuals, j # j:

E(Hg) =2m4(1 —7m4)(1—0g)
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Within-population Inbreeding and Coancestry

Estimates of inbreeding and coancestry relative to average coances-
try are

~ ~

~ H

R H .y
=1 J L, =1 — I
f]_ ﬁS 9 ¢]]/_1 ﬁS
. F, —0g N 0.1 —0g
5(fj) — 1‘7_—95 ; 5(%']'/) — ‘71‘7_ 0
_ 1 — F’ N 1—0..
5(1—fj): 1_9; 3 5(1—%']'/):1_—9‘7;

The unknown 7's did not have to be estimated: sample allele
frequencies p4 not used. In practice, sum numerators and de-
nominators over |OCi.

Note that f; is individual-specific value of Wright's Frg, and
quj/ IS its analog for two individuals. With data from only one
population, Fr = Frr and 8¢ = Fgp are not estimable.
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Multiple SNPs

Single-SNP estimates for one individual would not be useful: the
f}- values are 1 for homozygotes and negative for heterozygotes.
Averaging over individuals would reflect the proportion of SNPs
that are homozygous, but would still have high variances.

Averaging over L SNPs [, =1,2... L, could be with an average
of ratios:

. 1 7 ﬁ'l
fi =1-=2> —L—
L= 2p(1—-p)
but this is unstable because the denominator can be zero or close
to zero.

Using the ratio of averages gives an unbiased estimator for a
large number of SNPs (Ochoa and Storey, 2021):

-
fio= 1— 21 Hy
7 S [25(1 — By)]
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Allele sharing Estimators

The inbreeding and kinship estimators f and ¢ use the observed
identity in state of pairs of alleles:

fas, = 1-— S Hj
J > Hgi
R Sy H
bas., = 1-=—=%
73 21 Hgi
1 ~
das. = 1-— DUt 2=y i
J 21 Hgi
For a large number of SNPs, but for all sample sizes,
. F;—0g
£ ) = =] 7
(fASj) f] 1—fg
- 0.1 —0g
_ = _dJ
g(¢ASJJ/) - ¢]J/ 1 . QS
~ WV, —0g
E D =
(¢ASJ) ¢] 1— 6g
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Alternative Notation

Using “heterozygosity’ for pairs of individuals is somewhat of an
abuse of terminology. Looking forward to the Population Struc-
ture section suggests we work instead with allele sharing mea-
sures: Aj for the two alleles carried by individual j, Ajj for two
alleles drawn randomly from individual 5 and Ajj/ for two alleles,
one drawn randomly from individual 5 and one from individual 5.
T heir sample values are:

- - A 5!
Aj Ajj Y AA Aa aa
AA | 1 1
 Aal 0 L AA| 1 05 O
J .2 i Aa |0.5 0.5 0.5
ad aa | O 05 1

Value of 0.5 for two heterozygotes is different from the value 1
used in usual “number of pairs of alleles ibs.”
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Alternative Notation

In terms of allele dosages:
A= (X;-1)%
1
=21+ (X;-1)7 ,

A”..,:%[1+(X'—1)(X'/—1)] )

JJ
n(n—l) Z Z ’

] ]_ ]/_
VE=HM

N
03

where
A=1-27n(1—-m) ,

and, for large sample sizes,

E(A) =A+ (1 - A)F;

E(Ag) = A4 (1 - A)bg

1 .
= 5(1 + Fj)

1-As = 2p(1 - p)
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Allelic Matching Proportions for Individuals

Averaging over pairs of individuals:

~ 1 noo .
As = n(n—1) Z 2 Ajj

E(Ag) = A4+ (1 —A)bg

The allele sharing Kinship estimators and their expected values
are

(A — Ag)
>i(1— Ag)

1 —0g

¢A5jj, — ; 5(¢A5jj,) — %‘j/ —

The standard kinship estimators and their expected values are

> (X1 — 2p) (X — 2py)
214 (1 —py)
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Allelic Matching Proportions Within Populations

When the genotypic structure of data is not known, or is ignored,
allelic data can be used to characterize population structure.

What is the proportion A'in of random pairs of alleles in a sample
from population ¢z that are the same allelic type at SNP [7?

If p;; is the sample frequency for the SNP [ reference allele:

Al = P24+ (1 —p)%=1—2p;(1 —py)

The expected value of this over replicates of the population is

EAy) = A+ (1 —ADoy,

where A; = 2m;(1 — 7). This is the key result: sample matching
proportions for pairs of alleles depend on the probability of iden-
tity by descent for those pairs. There is an unknown function A;
of allele probabilities.
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1000 Genomes Data
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Estimates of within-population individual-specific average kinships vs esti-
mates of within-population individual-specific inbreeding coefficients for 1000
Genomes data. Y-axis: ¢;; X-axis: f;. Left: All populations; Right: Exclud-
ing AMR and AFR. Gold: AFR (not ACB or ASW); Orange: AFR (ACB and
ASW); Red: AMR; Purple: SAS; Blue: EUR; Green: EAS.
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1000 Genomes Data

Avg. Kinship

0.00 0.10
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African Caribbean

in Barbados
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Inbreeding

PEL
Peruvian in
Lima, Peru

Many estimators of inbreeding assume no coancestry in a sam-
ple, and many estimators of coancestry assume no inbreeding.
Inbreeding and coancestry should both be considered.
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Allele Frequencies

Allele-sharing estimates avoid the need to estimate allele proba-
bilities.

Could regard sample allele frequencies as estimates of allele prob-
abilities: often gives similar estimates of inbreeding and coances-
try coefficients to the allele-sharing estimates. But, there can
be changes of rank as the scope of the study changes.

Alternatively, could estimate allele probabilities jointly with ibd
probabilities. Iterative methods update allele probabilities and ibd
probabilities in turn. Difficult to count ibd alleles at each stage:
which alleles should be considered — just within individuals, plus
between pairs of individuals, ....
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Alternative Estimators

Other estimators use sample allele frequencies and sample allele
dosages: the number of copies of one of the two alleles carried
by an individual at a locus. If le IS the dosage for the allele at
SNP [ for individual 5, the ratio of averages form of the standard
estimator (e.g. in GCTA package) is

o >S1(Xj — 2)?
>t >212p1(1 — pyp)
although it is common to see the average of ratios form
o 1 & (X —2p)?
Isw; = 72 5505
=1 2p(1 —pp)
An alternative form (YYang et al, 2011) is
P SulXZ — (14 275) X + 277]
VN >0 25(1 — ;)
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Expectations of Alternative Estimators

Although, for all sample sizes:

E(Hg) = (1—16g)> [2m(1 —mp)]
z

it is only for large sample sizes that:
ED_2p(1—-pp] = (1 —-10g))> [2m(1 —m)]
l l

In the large-sample case
fi—W;j+0s _

5(f\L/Jvnij) — 1—0g i — 2%
— AW + 30
E(fSta;) = /i . _‘79: 2 = f; - 4y

The ranks of fij.. and f&, may be different from the ranks of
J J
Jj and ¢, i.e. of F; and W .

InbreedRelated Slide 38



1000 Genomes Data
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Chromosome 22 data from 1000 Genomes.
Continents (left to right): AFR, AMR, EAS, EUR, SAS
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Expectations of Alternative Kinship Estimators

For Kinship:
o (X —2p) (X550 — 2pp)
Std;y > 1 4p(1 —pp)
and this has an expected value, for large sample sizes, of
0jj0 =% — ¥y + 0s
1—0g

g(ﬁévtdjj/)
= Wi T Vi T Yy

Unlike ?ZAsjj/, the standard kjnship estimates are not expected to
have the same ranks as the ij/’s.
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1000 Genomes Data

Top row: Whole world reference. Bottom row: Continental group reference.

iy

Allele sharing estimates Standard estimates

Chromosome 22 data from 1000 Genomes.

Continents (left to right): AFR, SAS, EUR, EAS, AMR

Populations (I to r):AFR: ACB, ASW, ESN, GWD, LWK, MSL, YRI,
SAS: BEB, GIH, ITU, PJL, STU; EUR: CEU, FIN, GBR, IBS, TSI,
EAS: CDX, CHB, CHS, JPT; AMR: KHV, CLM, MXL, PEL, PUR
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Alternative Estimators: Runs of Homozygosity

Estimators so far use single SNP statistics and average over
SNPs.

Runs of homozygosity, with a large number of SNPs, are likely
to represent regions of identity by descent. The inbreeding co-
efficient can be estimated as the proportion of windows of SNPs
that are completely homozygous.

Requires judgment in deciding window length, degree of window
overlap, allowance for some heterozygotes, and (possibly) minor
allele frequency McQuillan et al. 2006. Am J Hum Genet; Joshi
et al. 2015. Nature
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1000 Genomes Data
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ROH/PLINK estimates vs SNP by SNP estimates for 1000 Genomes data,
with the World as a reference set. Left: Fron Vs fas; Right: Fron Vs fi.:.
Solid line X =Y. Gold: AFR (not ACB or ASW); Orange: AFR (ACB and
ASW); Red: AMR; Purple: SAS; Blue: EUR; Green: EAS.
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Nine ibd States S,

Full set of nine ibd states 5; need to be considered for natu-
ral populations with mixed mating systems and for quantitative
genetic analyses of non-additive gene action.

Solid lines join pairs of ibd alleles: top row shows alleles a,b for
individual X, bottom row shows alleles ¢, d for individual Y.

xX &b a_ b a_ b a__ b a b
Y c>< d c—d c/ d C d c\ d
S1 52 53 S4 Sk
X @ b a b a b a b
Y ¢c—d C d C d C d
Se S7 Sg S9

InbreedRelated Slide 44



Genotype Probabilities for Two Individuals

X,Y JANEEVAN: AN YA YAV Ng YA Asg No

G1:AAAA Ty 77% 77% 77% 7721 7721 77% 7721 7723

Go . aa,aa Ta e e e > > e > ™,

Gs3 . Aa, Aa 2WAT, TAT, 47731773
G4 . AA, Aa T AT g, 276177@ Wiwa 2773177(1
Gs : aa, Aa T AT G 27TA7T§ 7TA7T§ 27TA7T3
Ge . Aa, AA T AT g 276177@ Wiwa 2773177(1
G7 . Aa,aa TATa 27TA7T§ 7TA7T§ 27TA7T3
Gs . AA,aa T AT 7TA7T§ Wiwa Wiwg
Gog i aa, AA T AT G 7'(‘1247'('(1 7TA7T§ Wiwg

T4, g Are allele probabilities. Two dependencies among genotype-
pair probabilities:

Gi1+Go+G3+G4+Gs+Gg+G7+Gg+Gg =1

G4 +2Gg + G7 = Gg + 2Gg + G5
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Probabilities for Unordered Individuals

X&Y /Aq YA N3+ ANs As+ N A7 Ag No

G1: AA&AA 74y 7731 7731 7731 7731 7731 Wj

G2 aa&aa T, 72 72 o 72 o o
Gz Aa&Aa 2TWAT, TAT, 47731773
Ga+ Ge : AA&Aa T AT g, 276177@ 2773177(1 47@77@
Gs + G7 : aa&Aa T AT G 27TA7T§ 27TA7T§ 477,4772
Gs+ Gg : AA&aa 2T AT, T AT G 277%%3

No distinction now between A3 and Ag or between A4 and Ag.
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Summary ibd Measures

The 9 A’'s can be summarized with 8 linear functions of them
that refer to pairs, trios, two-pairs and quadruples of alleles:

Summary

Jacquard/Cockerham

Fx = A1+ A+ Az + Ag

Fy = A1+ Ac+ As+ Ae

Oxy = A1+ %(A3 + As + A7) + 2 As
Ty = D1+ ?A3

TYxy = A1+ 545

Axy = A1+ Ao

DAgiy =A1+ 207

Oxy = A1

Da=TIx —2ygy — Dgy+ 204y

Ae = Fy = 2yyy — Axy + 204y

Ag = 40xy — 4vxy — 4yxy — 4D x4y + Bdgy

Az =2(vxy — Oxy)

As = 2(vxy — Oxy)

Ao = Axy —oxy

A7 =2(Axyy — Oxy)

Al — 6XY

Ag =1 —FX —Fy —40XY—|—4’)/XY+4’)/XY
+Axy + 285,y — 60y
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Unordered Individuals Summary Measures

%(FX +F) = A1+ A0x+ %(AS + As) + %(A4 + ADe)
Oxy = A1+ %(A3 + As) + %A7 + %AS
%(m Fogg) = A+ %(As + As)
Axy = A1+ Az
DAy .y = L1+ %A7
oxy = A1

(As+AD6) = (Fx+Fy)—2(vxy +xv) — 285y + 45y
Ag = 40xy —4(vgy +xy) — 4A x5y + 8dxy
(Az+ As) = 2(vxy +xy) — 4xy)
A2 = Axy—0xy
A7 = 2(Axyy —0xy)
A1 = dxy
Ag = 1—(Fx+Fy)—40xy +4(vxy +xyv) + Dy + 2045,y — 665y
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Application of Summary Measures

For traits with dominance, the covariance of genetic effects
G x,Gy for inbred and related individuals X,Y is

Cov(Gx,Gy) = 20xyoj + 205, y0h
+ 2(vxy +1x3)C1 + 0533C2 + (A x y — FxFy)C3

T he additive and dominance variance components are afl, al% and

C1 is the covariance between additive and homozygous domi-
nance deviations, (5 is the variance of homozygous dominance
effects, and C3 is the squared sum of homozygous dominance
effects.

For additive traits

Cov(Gy,Gy) =20xyocs , Var(Gx) = (1+ Fx)o3
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Predicted Values of Summary Measures

The summary measures for a pedigree can be calculated by trac-
ing alleles back to the founders.

For a random mating population at drift/mutation equilibrium:

= 1 any pair of alleles

— 14+4Npu
v = 12;_?_20 any three alleles
_ 663
o = (1F0) (120) any four alleles
A\ = 62(1+56) any two pairs of alleles
(140)(1+4-26)

We have little knowledge about actual values of these quantities.
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Estimation of Summary Measures

By analogy to the two-allele case, consider the ibs states for two
genotypes.

Genotypes ibs alleles
AA AA and aa,aa All four alleles ibs
AA,aa and aa,AA ibs within both indivs, no ibs between indivs

Aa Aa no ibs within indivs, two ibs pairs between indivs
AA Aa; aa,Aa ibs within first indiv, one ibs pair between indivs
Aa,AA; Aa,aa ibs within second indiv, one ibs pair between indivs

T he five states are consistent with the claim of there being five
identifiable ibd states for loci with two alleles:

Csuros M. 2014. Non-identifiability of identity coefficients at
biallelic loci. Theoretical Population Biology 92:22-29.

Combine last two rows if individuals not ordered.
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Estimation of Summary Measures

XY A1 Do Az As AV AV, Y Ag Doy
Gi+G» 1 1-H 1-H 1-H 1-:H 1-:H 1-H 1-:H 1-2H(1-H)-3K
Gs + Go H H -H K
Gs H *H 2K
Ga+ Gs H H in H(1-H)
Gs + G7 H H %H H(1—H)

H =217, K = 277%%3

Note that

El(Ga+Gs) — (Ge +G7)] = H([A3— As) 4+ (As— Dp)]
H(Fx — Fy)

The table with summary measures does not have a simple structure.
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Estimation of Summary Measures

Ay yt
X,Y 1 Fy Fy Oxy Vxy Txv 205,y  Oxy
G p* p>q p>q 4p3q 2p°q — 4p’q 2p°q — 4p’q T Y
Go q* pq> pq> Apq> 2pq? — 4pg> 2pq? — 4pq> T Y
Gz 4p*¢? —4p?¢® —4p?¢® 4pq— 16p*¢> —4pq+ 16p2¢® —4pq+ 16p2¢? Az 4y
Gy 2p%q  2p%¢® —2p3q 4p?q—8p’q 2pq — 8p?¢® —4p?q + 8pq —2x 2y
Gs 2pg®  2p*¢*  —2p¢®  4pg® — 8pg® 2pq — 8p*q? —4pq? + 8pq* —2z -2y
Gs 2p%q  —2p3q  2p*¢®  4p?q—8p3q¢  —4p?q+ 8p3q 2pq — 8p?¢® —2x 2y
Gz 2pg®>  —2pg®  2p%¢®>  4pg® —8pg®>  —4pg® + 8pg® 2pq — 8p?¢? —2x 2y
Gs p2q? pq° p3q —4p2q° —2pq? + 4pq¢®  —2p?q + 4p3¢? T Y
Go p?q? p3q pq> —4p2g? —2p%q + 4p°¢®>  —2pg® + 4p*q? T y

P = TA,q = Ta, T = p°q°,y = pq — 6p°q~

Would like to estimate Jacquard or Summary probabilities from
the observed proportions Gi of SNPs that fall in genotype-pair
categories 1 = 1,2,...,9. From genotypic data for loci with two
alleles, AXY cannot be distinguished from AX—I-Y'
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Without Inbreeding

For two non-inbred individuals only ko = A7,k1 = Ag, kg = Ag
are not zero. Simple moment estimators use the number N, of
SNPs for which two individuals share ¢ pairs in alleles ibs. If
H=yt 2ml—m), K=Y 2r?(1 —m)?:

1
Er(No) = 5(2A2 + Az + DN6)H 4+ AoK
Er(N1) = (Az+LDs+ A5+ D+ Ag+209)H — 40K
Er(N2) = L — %(2A2 +2A3+3A4+2A54+30A6 + 208+ 4A9)H + 3A0K

It is usual to replace m; for the SNP [ reference allele by p;, set
A,; = 0,7 <6 and and solve for the k's:

Ny . Ny+4Ng 2Ng . . Ni+4Ny N
o= om=E g T o REleme e
1. 1. 1 Ni+4Ng
9:— — = — — _

ST R =3 40
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Without Inbreeding

Problem 1: The expected values of H and K, for large sample
sizes, are

E(H)
E(K)

(1—-05)H
(1-605+8vs+3Ag5—655)K — (05 —2vs+ds5)H
where 0g,vg,0g, Ag are the ibd probabilities for random pairs,

triples, quadruples and two-pairs of alleles from distinct individ-
uals in the sampled population.

Even if there is no inbreeding, @ is biased for either 6 or (N

0 — 0

g@) = ~ 25
(0) 1— 6g

Problem 2: There is inbreeding.
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Three Alleles in Two Individuals

For two alleles, two in individual X and one taken randomly from
individual Y, there are four states of identity by descent:

Three ibd

TXy
Two ibd within X Fx —viy
Two ibd between XY 2(0xy — Vi)
No ibd Yo, =1 —Fx —20xy + 273y

The probabilities of all six sets of allelic states are

At least two ibd alleles No ibd alleles
Ar+3503 Ao+ 503+ 0A1 Ds+ D7+ 308 A+ 508+ Ao
X,Y Yy (Fx —vxy) 2(0xy — vxy) (1—Fx —20xy +27yy)
AAA TA 7'('124 7'('124 7'(':2
AA,a TAT G T2,
Aa, A T AT 27%7@
Aa,a T AT 27TA7T§
aa, A T AT 7TA7T§
aa, a Tq 72 72 3
Aa,a — Aa, A —2mama(ma — )
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Three Alleles in Two Individuals

The observed value for (Aa,a — Aa, A) is (G7 — Gg) and
E(G7—Ge) = 2my(1 —7my)(1 —274)(1 — Fx — 20xy 4+ 275y )
Csiiros (2014) assumed that

E2pA(1 —pa)(1 —2p4)] = 2mu(1 —7y)(1 —2my)

in order to estimate (1 — Fxy — 20xy + 2753y ). He also assumed
that F'x,0xy could be estimated and therefore he thought that
Yy Was estimable.

However,

E2pA(1 —pa)(1 —2pa)] = 2ma(1 —m4)(1 —27m4)(1 — 305 + 2vg)

where ~¢g is the ibd probability for any three alleles, one from
each of three individuals in the sample.
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Three Alleles in Two Individuals

The unknown allele probabilities do not enter into the expecta-
tion of the ratio T3XY = (G7 —Gg)/[2p4(1 —p) (1 —2p)]:

1 — FX — QHXY -+ 2’7XY - ’YOXY
1= 305 + 275 705

E(T3,) =

The numerator is the probability of no identity by descent among
the two alleles of X and a random allele of Y. The denominator
IS the probability of no identity by descent from any three alleles,
one from each of three individuals, in the sample.

For large sample sizes, the denominator is the same as the av-
erage of the numerator for all sets of three alleles from three
distinct individuals.
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Ignoring order for Individuals

Ignoring the order of two individuals, by adding in the observed
value (Gg —G4) of (a, Aa— A, Aa,) and averaging with (G7 —Gg):

7, (G7 — Gg) + (Gs — Ga)
4p4(1 —pa)(1 —2D4)

1—-3(Fx + Fy) —20xy + (vy + Vxy)

1 —30g 4+ 2vg
The numerator is the probability of no identity by descent among
the two alleles of one individual and a random allele of the other.
The denominator is the probability of no identity by descent
from any three alleles, one from each of three individuals, in the
sample.

E(T3) =

This estimator, but not its expectation, was given by Cslros
(2014).
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Two Alleles in Two Individuals

This is analogous to the case for two alleles. There are two ibd
states for a pair of alleles within or between individuals:

ibd within X Fy
no ibd withinX Fp, =1 — Fy

There are three sets of allelic states:

ibd between X,Y
No ibd between X,Y 6y, =1 —0xy

Oxvy

X Fyxy 1—Fx| X,)Y O0xy 1—0xyvy
AA Ty 7731 A,A Ty 7731
Aa 2T ATq A a 2T ATq
aa Tq T2 a,a  Tq T2
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Two Alleles in Two Individuals

The observed values for Aa or A,a are Hx and Hxy, with large-
sample expectations

E(Hx) =2m4(1 —ma)Fo, , EHxy) =2my(1 —my)00,,
E[2pA(L —pa)]l =2ma(1 —m4)00g , E[2Pa(1 —DPy)] = 2m4(1 — 74)004

Large-sample estimators for the estimable functions do not de-
pend on unknown allele probabilities:

Hy T — Hyy
2p4(1 —pa) XY 2p4(1 —Da)

To, =

~ Fo ~ 0o
E(Tr,) =—"= , E(Tn,,) =—2F
X 005 XY 005
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Ignoring Order for Two Individuals

Values of a combined two-allele estimator 75 might be compared
with values of the combined three-allele estimator T5.

7 — f(Hx + Hy) + 2Hyy
2pA(1 —D4)

The expected value of this is a linear function of [(Fx + Fy)/2+
20xy] whereas T3 has an expected value that is a linear function

of [(Fx + Fy)/2+20xy — (vy + vxy)]

There will be evidence for non-zero three-allele ibd probabilities
if T3 is not linearly related to T5.
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1000 Genomes Data
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