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Genetic Model for Trait

Suppose gene T affects a trait: its genotype may affect the
probability an individual has a disease or its genotype may affect
the value of some measurable quantity. There may be other
genes also affecting the trait, and there may be non-genetic
effects.

No suppose G is the genotypic effect of T on the trait and E
is the environmental effect (or all other effects). An individual
is observed to have phenotypic (trait) value (disease status or
measured value) Y and a simple linear model is

Y = G+ FE

The mean environmental effect is taken to be zero, so the mean
phenotypic effect is equal to the mean genotypic value.
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Genetic Model for Trait

“If we could replicate a particular genotype in a number of indi-
viduals and measure them under environmental conditions normal
for the population, their mean environmental deviations would
be zero, and their mean phenotypic value would consequently be
equal to the genotypic value of that particular genotype. This is
the meaning of the genotypic value of an individual.”

Falconer DS. 1960. Introduction to Quantitative Genetics. Ronald Press,
New York. p. 113
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Genetic Model for Trait

Extensions to this model can include GG x E interaction, but at
present G and E will be considered independent and their vari-
ances sum to the variance of Y:

Var(Y) = Var(G) + Var(E) or 052/ = 0(2; + J?E

In general, the number of alleles for gene T is not known, but a
convenient start is to suppose there are two: an ancestral form
and a more recent form that may increase the chance of being
affected or lead to detrimental values of a measured trait. Write
the two alleles as T',t and the three genotypes as T1,T't,tt. The
three genotypic values are Gpp, Gy, Gt
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Additive and Dominance Variance

In a population there is a mean genotypic effect, ug, and a
variance of genotypic effects, 0(2;. If there is HWE

pe = 4G + 2mpmGry + 7 Gy
o0& = 7 (Grr — ua)? + 2mpmi(Gry — pe)? + 72 (G — pe)?

and the variance can be partitioned into additive and dominance
components:

0% — aiT -+ U%T
04.. = 2mpmi[rp(Grr — Gry) + 7 (Gry — Gt))?
T
0, = mar(Grr — 2Gr + Gu)?
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Additive Traits

If the genetic value of trait heterozygotes is the average of the
values of the two trait homozygotes, Gy = (Gpr + Gy)/2 then

04, = 2mnrmi(Gry — Git)®

U%T = 0
and the genetic variance is entirely additive.
If the population has only one of the two trait alleles, wpm = 0
and there is no genetic variance. Otherwise, additive genetic

variance is maximized when the two trait alleles are equally fre-
quent.
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Heritability

A convenient single parameter to describe the trait genetic vari-
ance in a particular population is the heritability h2 defined as

2
Ar
2
Oy
or the proportion of phenotypic (trait) variance due to additive

allelic effects.

he =

The phenotypic variance, the genetic variance and the additive
and dominance variance components all depend on trait geno-
typic (or allele) frequencies and so are different in different pop-
ulations.

The genotypic effects G are not known but the variance compo-
nents and heritability can be estimated.
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Association Mapping

Association methods use random samples from a population and
are alternatives to methods based on pedigrees or crosses be-
tween inbred lines. The associations depend on linkage disequi-
librium between marker and trait loci instead of depending on
linkage between those loci as in pedigree or line cross methods.

The chances of detecting an association between a trait and a
genetic marker are high if:

The trait has a high genetic component.

The marker has high linkage disequilibrium with the trait genes
(depends on allele frequencies at trait and marker loci).

The sample sizes are large.
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Marker-Trait Genotypes

Until the trait locus is identified, the trait genotype cannot be
observed, but maybe it can be inferred, and the location of the
locus estimated, from observations on the trait and the genotype
at a genetic marker M.

Although there are several types of genetic markers, attention
here will be restricted to those with only two alleles M, m: e.g.
SNPs. Individuals with the same marker genotype can have dif-
ferent trait genotypes and a way to describe joint marker-trait
genotypes is needed.
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Marker-Trait Genotype Frequencies

With random mating, (two-locus) genotype frequencies are prod-
ucts of gamete frequencies. For example

Pr(MM, TT) = Pr(MT)?

and gamete frequencies involve allele frequencies and linkage dis-
equilibria:

PI’(MT) = TpMTT —|— DMT
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Two-allele Genotypes

T Tt tt

MM Pfq 2Py Py Pz,
Mm 2PyrPonr 2Py Pt + 2Py Poor 2Py Pt

mm PW%T 2P 1Pt P2,
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Two-allele Gametes

T t

M Py = my7mr + Dy Py = mpygme — Dy

m P = m™mmr — Dy Pt = m™mme + Dpgr

Linkage disequilibrium can be regarded as the covariance of marker
and trait allele frequencies, and this can be transformed to the
correlation of marker and trait allele frequencies:

_ Dy
PMT —
VT MTmTTT¢
2
2 _ DMT
PMT —
TN T T Tt
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Marker and Trait Variables

The trait genotypic values are not known, but they can be sum-
marized by the additive and dominance components of variance.

An analogous system can be considered for the marker geno-
types. These genotypes are observed and their genotypic values
can be assigned. Consider variables X for marker locus M. As
before, a Hardy-Weinberg assumption provides the following ex-
pressions for the mean and variance:

EX)=pux = myXpm + 20y mmX nrm + w7 Xmm

Var(X)

2 2
T4y, T Dy,
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Components of Variance and Covariance

The additive and dominance components of variance for the
marker are

Ule = 2y mm|mp (X — Xvm) + mm (X — Xmm)]2
0B, = mama (X — 2X v + Xmm)?

and these lead to the following expression for the covariance of
X and G:

2
COV(G7 X) — pMTUATUAM _I_ pMTUDTUDM
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Correlation of Trait and Marker Variables

If either X or G are purely additive, so that opy OF 0p,, IS zero,
then

Cov(X,G) = pMTOATA,,
If both X of G are purely additive, then o2 = UEXT and 0% = aﬁM
and

Corr(X,G) = pgx = pPMT

so the correlation between the trait and marker effects is just
the linkage disequilibrium between trait and marker loci.

As the trait Y is G+ FE, in this case Cov(X,Y) = Cov(X,G) and
Corr(X,Y) = (pmro4,04,,)/(0xoy). In this additive case

Corr(X,Y) = puyrVh2
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Measured Traits

Suppose Y = G+ E where G is the genetic effect of locus T
and E are all other effects. These other effects are supposed to
have mean zero and to be independent of both G and the marker
variable X. Then

EY) = &(Q)
Cov(X,Y) = Cov(X,G)
of = 04, +ob,+oE

Trait values Y may be regressed on marker variables X. The
regression coefficient is

Cov(X,Y)  PMTOA;OA, T p%fTUDTUDM
Var(X) 0-124M T UIQ)M

By.x
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Additive Marker Variable

Variable X may be chosen to be additive, e.g Xyp = 2, Xy =
1, X;um = 0 so that Ole = 27 TTm, O%M — 0, and then the
regression of trait on (coded) marker genotype has slope

By x = PMTﬁ

O'AM
A zero slope means either that there is no trait additive vari-
ance (unlikely) or that there is no linkage disequilibrium between
marker and trait alleles. This, in turn, suggests that trait and

marker loci are not close.
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Trait Mean in Inbred Populations

Finding the mean and variance for quantitative traits in popula-
tions where there is inbreeding and/or relatedness and Hardy-
Weinberg equilibrium does not hold, requires modification of
genotype probabilities. For inbred populations, the mean trait
value requires the inbreeding coefficient. For a random member
of a population inbred to an extent F (relative to a reference

population), the genotype probabilities are

Prr = 77% + i B
Pry = 2mpm (1l — F)
Ptt — 7'('752 —|— 7TT7TtF
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Trait Mean in Inbred Populations

The expected trait value up in an inbred population is

prp = po+ FH

where pug is the value in a HWE population (FF = 0) and H =
wpme(Grp — 2G + Gy ) is @ measure of dominance.
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Inbreeding Depression

From data on 1.4 million individuals, “FropH €quivalent to the
offspring of first cousins is associated with a 55% decrease in
the odds of having children.”

Note the need for estimation of individual inbreeding coefficients.

Clark DW, et al. 2019. Nature Communications. Published October 31,
2019:
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Clark et al., 2019

Nearly one billion people live in populations where consanguineous
marriages are common.

Burden of disease thought to be disproportionately due to in-
creased homozygosity of rare, recessive variants.

The fraction of each autosomal genome in ROH > 1.5 MDb corre-
lates well with pedigree-based estimates of inbreeding, although
it is not equal to the inbreeding coefficient.
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Genetic Variance and Covariance in Inbred Pop-
ulations

For individual 5, the genetic variance for an additive trait is

agj = (14 Fj)o3

For individuals j, j/, the genetic covariance for an additive trait is
__ 2
COVij/ = 29]]/0-14

regardless of inbreeding.
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Total Variances and Covariances for Additive Trait

Trait values have both genetic and environmental components.
The simplest model of Y = G + E leads to the variance of trait
values Y among individuals 3 in a non-inbred population of un-
related individuals:

Var(Y;) = ai—l—aj%

This is also referred to as the phenotypic variance al%.

For an additive trait and for individuals that have no shared envi-
ronment, the variance-covariance matrix for a sample of related
and inbred individuals has elements

Var(Y;)
COV(}/]', }/J/)

(14 Fj))od + o7
2
20]]/0-14
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Genetic Relationship Matrix

Vector Y of trait values for individuals : = 1,2,...n has GRM

(1 4+ Fy) 201 201,
G — 2051 (1+ Fo) ... 205,
| 20m1 202y oo (Lt Fp) i

The trace of this matrix is

tr(G) = Z ij = n(l + Fs)
=1

and the sum of the off-diagonal elements is

Z Z G,y =n(n—1)0g

] 1]/_
VE=HM

to define the average inbreeding and kinship values Fg,0¢g for the
sample.
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GRM

Historically, the GRM was obtained from known pedigrees, par-
ticularly for experimental populations of plants and animals.

Beginning with Yu J, et al. 2006. Nature Genetics 38:203 it has
been recognized that pedigree information may not be available,
it may not be accurate, and it can be different from the “gold
standard” GRM.

Instead, the GRM may be constructed with estimated inbreeding
and kinship coefficients.
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Heritability Estimation
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Heritability

For an additive trait, heritability in a HWE population is

2
o
he = A

otk

Estimation of h? therefore requires estimation of ¢4 and o%.
There are likelihood-based methods for doing that, assuming

the trait values are normally distributed.

These notes follow a discussion given by Speed D, et al. 2012.
Am J Hum Genet 91:1011
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Speed et al. 2012

Although there are not replicates of the history of a single indi-
vidual, there are trait values for a sample of individuals in some
population. Speed et al. wrote VT for the sample variance of
trait values:

. 1
VT —

mn

Y: — V)2
n—LZ(J )
1=1

and VR for the residual variance once the genotypic effects have
been fitted:

AsS an estimate of heritability, Speed et al. combined these two
sample variances

h2 = L
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Speed et al. 2012

It can be shown that

_ 1 1
E(VR) = of
so that
1 1 2
e = 1tr(G) — —Xqalo

and this has a parametric value of

(1+ Fg —20g5)05
(14 Fg—205)0% + 0%

E(h?) =
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Expectation of f?

In the case of no identity by descent within or between individ-
uals, Fg = 0¢ = 0O,

2
9A

— h2
A+t

E(h2) =

In general, however, the expectation of A2 is

(14 Fs —2605)05 _ (A-65)(1+ o3
(1+ Fg—205)05 + 0 (1 —05)(1+ f)og +of
where f = (FS — 95)/(1 — 95).

E(h2) =

Alternatively,

(14 F)o3
(14 F)ai + 0%
is often given as though the study population has inbreeding but

no Kinship: F = f,0g = 0. It does not seem likely that a natural
population could consist of inbred but unrelated individuals.
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Expectation of f?

For a population in Hardy-Weinberg equilibrium, Fg = g, f = O:

(1 —05)04
(1-— 95)031 4 0%

and then h2 will be close to unbiased if Og is low.

£(h2)
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Use of Estimated GRM

The Speed et al. estimate uses two sample variances, and does
not make explicit use of the GRM. Likelihood-based methods do
use the GRM. As the parametric values Fj,ejj/ are not generally
known, G is replaced by a matrix K of estimates. What is the
resulting heritability estimate then estimating?
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Use of Allele-sharing GRM

Can estimate half the GRM with matrix f(As having elements
{szj/}. If A;; is the allelic matching proportion, averaged over
SNPs, for individuals j and j’ including §j = 5/, the ¢ estimates
are

A — Ag
1— Ag
where A, = Y[, [14(X;;—1)(X;;—1)]/(2L) for allelic dosages
Xj and Ag = Y0 A;/[n(n — 1)]. These estimates have ex-

J
pected values

vi; =

( T(1+Fp)—6s . _
~ 1—6g J=1J
€(¢]J/) p— <
0.,—0g
jj . ./
| 1S J7F 7
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Use of Allele-sharing GRM

AS Zf(As — O by construction, the expectation of the estimated
heritability is

E[2tr(Kps)53]
E[2tr(Kas)53 + 52]
From the expected values of 9., E[tr(Kas)] = n(1 + f)/2 is
assumed known and replaces tr(Kag), leading to

(1+f)o3
(1+ flog +o%
This replaces F' in the classical result with f, reflecting that
is f and not F' that can be estimated with data from a single
population.

£(h?)

E(h?) =
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Use of Standard GRM

Can also estimate half the GRM with Kgtq having elements {Ejj/}:

- XXy —2p) (X — 2py)
=

JJ > 14p;(1 —pp)

Now all the elements of the GRM sum to zero by construction.
In other words tr[f(Std]—l—Zf(Std = 0 and the estimated heritability
IS
~9 %tr[KStd]ai
h= = — 5 ~2 | ~2
mtr[KStd]UA + 0%
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Use of Standard GRM

Taking expectations

~ 1
E(kj;) = 5(1 + f; — 4v;)

Eltr(Rsta)] = S(1+1)

since Zj %‘ — 0. Therefore the expected value of the estimated
heritability is

(14 f)o3
(L4 Nof + o
(1+f)o3
(14 fog + 0%
as for the allele-sharing estimate.

£(h?)

Very different GRMs give the same estimates of heritability.
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GWAS
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Mixed Linear Model

A simple mixed linear model for a vector of trait values Y is

Y = XB+g+e with Var(Y) = Go4 + Io2

The vector Y of trait values for a set of individuals is equated to
fixed effects 3, including effects of SNPs of interest and maybe
eigenvectors from principal components analysis to account for
population structure, plus random effects g for the total poly-
genic background for each individual. The trait value for an in-
dividual is assumed here to depend additively on its constituent
alleles.

G is the Genetic Relatedness Matrix.
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Simulation Study

Simulation study with 20,000 SNPs from the 1000 Genomes data
on the MXL and ASW combined data set and a trait constructed
to have genetic contribution from five SNPs and a population
effect added to one of the populations.

Figure on next slide shows the QQ plots for the strength of as-
sociation (—logigp value) for each SNP, with red dots indicating
the causal SNPs. The allele-sharing method gives a similar plot
to PC-Air/PC-Relate with 1 PC, and does better for PC-Air/PC-
Relate with no PCs. Essentially no difference in plots that used
the allele-sharing or the Standard GRMs, and both indicated a
non-causal SNP as being most associated with the trait.

Conomos MP et al. 2015. Genet Epi 39:276-293.
Conomos MP et aal. 2016. Am J Hum Genet 98:127-148.

Schick UM et al. 2016. Am J Hum Genet 98:229-242.
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Simulation Study

[mm Beta
[mm PCRel
[mm GCTA

Imm PCRel, pc1
Imm weighted GCTA

Theoretical quantile Theoretical quantile Theoretical quantile Theoretical quantile Theoretical quantile

QQ plots for association mapping of simulated data. Left to
right: allele-sharing GRM with no PCs, PC-Air/PC-Relate with
1 PC, PC-Relate with no PCs, Standard GRM, unweighted over
SNPs, Standard GRM, weighted over SNPs.
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Empirical Study

An empirical study was made of a quantitative trait in a study with Euro-
pean Non-Hispanic, Hispanic and African American participants. The GRM
inbreeding elements were quite different for allele-sharing and standard GRMs,
but the QQ plots for marker-trait association were very similar.

B

GCTA
Allele- sharmg -

-logio(observed P)

-logyo(observed P)

H 8 0 2 4
~logio(expected P) -logio(expected P)
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