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Heritability and Human Height

http://i.ytimg.com/vi/E0Aeks_id6c/maxresdefault.jpg

Studies of heritability 
ask questions such as 
how much genetic 
factors play a role in 
differences in height 
between people. 
This is not the same 
as asking how much 
genetic factors 
influence height in 
any one person.

https://en.wikipedia.org/wiki/Heritability 4
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Silventoinen et al, 2003 Twin Research
http://i.ytimg.com/vi/E0Aeks_id6c/maxresdefault.jpg

An estimated 80% of variation in 
height driven is driven by genetics

Large twin study
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But GWAS explain only 20% of the 
variation in height

Wood et al, 2014 Nat. Genet.
i.ytimg.com/vi/E0Aeks_id6c/maxresdefault.jpg

€ 

hGWAS
2 :

The narrow-sense heritability 
explained by summing the 
effects of GWAS identified SNPs.

250,000 subjects
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GWAS have the potential to explain 
60% of the variation in height

€ 

hg
2 : The narrow-sense heritability 

explained by all genotyped SNPs.

250,000 subjects
Wood et al, 2014 Nat. Genet.

i.ytimg.com/vi/E0Aeks_id6c/maxresdefault.jpg7

http://i.ytimg.com/vi/E0Aeks_id6c/maxresdefault.jpg


Challenges For Studying Complex 
Diseases

• Sit

I
f you want to predict 
how tall your children 
might one day be, a 
good bet would be to 

look in the mirror, and at 
your mate. Studies going 
back almost a century have 
estimated that height is 80–90% heritable. So 
if 29 centimetres separate the tallest 5% of a 
population from the shortest, then genetics 
would account for as many as 27 of them1.

This year, three groups of researchers2–4 
scoured the genomes of huge populations 
(the largest study4 looked at more than 30,000 
people) for genetic variants associated with the 
height differences. More than 40 turned up. 

But there was a problem: the variants had  
tiny effects. Altogether, they accounted for 
little more than 5% of height’s heritability — 
just 6 centimetres by the calculations above. 

Even though these genome-wide association 
studies (GWAS) turned up dozens of variants, 
they did “very little of the prediction that you 
would do just by asking people how tall their 
parents are”, says Joel Hirschhorn at the Broad 
Institute in Cambridge, Massachusetts, who 
led one of the studies3. 

Height isn’t the only trait in which genes 
have gone missing, nor is it the most impor-
tant. Studies looking at similarities between 
identical and fraternal twins estimate herit-
ability at more than 90% for autism5 and more 
than 80% for schizophrenia6. And genetics 
makes a major contribution to disorders such 
as obesity, diabetes and heart disease. GWAS, 
one of the most celebrated techniques of the 
past five years, promised to deliver many of 
the genes involved (see ‘Where’s the reward?’, 
page 20). And to some extent they have, iden-
tifying more than 400 genetic variants that 

contribute to a variety of traits and common 
diseases. But even when dozens of genes have 
been linked to a trait, both the individual 
and cumulative effects are disappointingly 
small and nowhere near enough to explain 
earlier estimates of heritability. “It is the big 
topic in the genetics of common disease right 
now,” says Francis Collins, former head of the 
National Human Genome Research Insti-
tute (NHGRI) in Bethesda, Maryland. The 
unexpected results left researchers at a point 
“where we all had to scratch our heads and 
say, ‘Huh?’”, he says.

Although flummoxed by this missing herit-
ability, geneticists remain optimistic that they 
can find more of it. “These are very early days, 
and there are things that are doable in the next 
year or two that may well explain another size-
able chunk of heritability,” says Hirschhorn. So 
where might it be hiding?

When scientists opened up the human genome, they expected to find the genetic components of 
common traits and diseases. But they were nowhere to be seen. Brendan Maher shines a light on 
six places where the missing loot could be stashed away.

The case of the missing heritability
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Major Problem

• There are no complex traits in which we know:

• The number of causal variants

• The frequencies of all the causal variants
• The effect sizes of all the causal variants

• The fitness effect of all the causal variants

• We need a thorough simulation study where we can vary 
all of these parameters and see how they effect our answer!
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Candidates

Common variants of weak effect

Incomplete linkage to causal alleles/multiple causal alleles in locus

GxG / GxE Interactions

Rare variants

Structural variation

Possible Origins Of Missing Heritability
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• Genome-wide association studies (GWAS) seek to identify 
common variants that contribute to common disease 

• Successfully identified many candidate disease-associated 
genes 

• Challenges: 
• Generally have low relative risk 
• Explain only a small proportion of the phenotypic variance 

• Provides candidate loci, but causal variant is rarely typed 

• Implication: 
• Predictive power of GWAS is minimal…

From GWAS To Deep Sequencing
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“Missing” heritability - calculating variance 
accounted for by GWAS

Distribution of Very Important Phenotype
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Lawrence Uricchio

Compare to GWAS 
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Where is the “missing” heritability?
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• Why would cases have an excess of rare non-synonymous 
variants in disease-associated genes?  

• Recent neutral mutations that have not had time to spread  

• Deleterious mutations restricted to low frequency  

• Population genetic analyses are ideally suited to distinguish 
these cases.

Population Genetics
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Evolutionary Models Of 
Complex Disease

Direct relationship between disease and fitness

SNP Disease
propensity

Disease

Fitness
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Evolutionary Models Of 
Complex Disease

Other
Phenotype

SNP Disease
propensity

Disease

Fitness

Pleiotropy: SNP impacts multiple phenotypes
Uricchio et al., Genome Research (2016)16



The Model Of Eyre-Walker (2010)

•The phenotypic effect size has a direct 
relationship to selection coefficient of causal 
mutations:  

•Where:
•ε ~ N(0, σ2) 
•δ = random sign (trait increasing/decreasing)
•S = selection coefficient
•τ = measures how the mean absolute effect of 
a mutation on the trait increases with the 
strength of selection 

Eyre-Walker, PNAS (2010)

z = �S⌧ (1 + ✏)
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The Model Of Simons Et Al (2014)

•The phenotypic effect size may have a direct 
relationship to selection coefficient of causal 
mutations:  

•Where:
•ρ = Probability that the trait effect is 
proportional to the selection coefficient: 
Pleiotropy!!

•s = selection coefficient
•sr = random selection coefficient

Simons et al, Nat Genet (2014)18



The Model Of Uricchio Et Al (2016)

•A hybrid of the two:  

•Where:
•δ = random sign (trait increasing/decreasing)
•τ = measures how the mean absolute effect of a 
mutation on the trait increases with the strength 
of selection 

•ρ = Probability that the trait effect is proportional 
to the selection coefficient: Pleiotropy!!

•s = selection coefficient
•sr = random selection coefficient

Uricchio et al, Genome Research (2016)19



Evolutionary Models Of 
Complex Disease

Other
Phenotype

SNP Disease
propensity

Disease

Fitness

Pleiotropy: SNP impacts multiple phenotypes

ρ:  correlation(effect size, fitness) 
(Simons et al, 2014)

τ:  transforms fitness effect to 
phenotype (Eyre-Walker, 2010)

Uricchio et al., Genome Research (2016)20



Why should we think about evolution?

Phenotype distribution

Trait optimum

Selection 
pressure  
towards an optimum
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Stabilizing selection

Phenotype distribution

Selection 
pressure  
towards an optimum

Trait optimum
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Phenotype distribution

Trait optimum

Selection 
pressure  
towards an optimum

Stabilizing selection
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Phenotype distribution

Trait optimum

Selection 
pressure  
towards an optimum

Stabilizing selection
• New mutations 

deleterious 

• Larger effect 
mutations are more 
deleterious 

• Effect sizes may not 
be linear in selection 
strength 

• Want to allow for 
pleiotropy 
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Human-specific demography and Selection

Growth model: Gutenkunst et al (2009) 
Explosive growth: Tennessen et al (2012)

AFRICA EUROPE ASIA

 Maher   /Uricchio   /Torgerson   /Hernandez   
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  Consistent with previous observations  [13] , we find 
for these simulations that essentially all non-synonymous 
variants that have frequency <1% will have a negligible 
probability of being old enough to be shared across con-
tinents without requiring high rates of migration (i.e. they 
have arisen since the founding-of-Europe bottleneck). 
This has profound implications for studying the genetics 
of complex traits across populations, since if rare variants 
are a predominant source of the heritability of complex 
traits, then we will be unlikely to replicate many associa-
tions across populations. However, we find that even for 
those mutations that are incredibly rare (e.g. private to a 
single chromosome out of 10,000), there can still be a sur-
prisingly broad range of ages, with 9% of these variants 
being greater than 3,000 years old. 

  The Age Distribution of Deleterious versus
Neutral Variants 
 Identifying methods for distinguishing variants with 

strong effects from those with weak effects is critically 
important. A classic result in population genetics suggests 
that for variants at the same population frequency, delete-
rious alleles will on average be younger than neutral al-
leles (i.e. mutant alleles driven by natural selection will 
have arisen more recently in the past  [33] ). This result 
suggests that if we were able to accurately estimate the 
ages of mutations across the genome, then we would be 
able to distinguish deleterious alleles from neutral ones at 
the same frequency. To evaluate this hypothesis, we rely 
on simulations where the true age of an allele is known. 

  In  figure 5  we show the average age of variants in four 
fitness effect classes across a range of allele frequencies. 
Note that synonymous variants are neutral, and non-syn-
onymous variants are only exposed to deleterious fitness 
effects so only the absolute value of the selection coeffi-
cient is shown. We find no distinction in the average age 
of variants that are synonymous, nearly neutral, or even 
weakly deleterious for any frequency range. In contrast, 
there is a clear reduction in the average age of the most 
deleterious variants for common alleles (>1%), and a 
moderate reduction in age for the low-frequency variants 
(0.5–1%) and singleton class ( fig. 5 ).

  Since strongly deleterious alleles are on average young-
er than neutral alleles for low-frequency and common 
variants, we next set out to characterize the distribution 
of ages for these two categories.  Figure 6  shows the aver-
age age for neutral (s > –10 –5 ) and strongly deleterious
(s < –10 –2 ) mutations as a function of allele frequency. 
Each curve is contained in an envelope representing the 
90% quantile range of all variants observed at that fre-
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Neutral model: most variance 
explained by common alleles

Pr
op

or
tio

n 
of

 v
ar

ia
nc

e 
ex

pl
ai

ne
d 

by
 a

lle
le

s 
w

ith
 fr

eq
 ≤

 ω

5e-04 1e-03 5e-03 1e-02 5e-02 1e-01 5e-01 1e+00

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Standard Neutral Model

derived allele frequency, ω

P
ro

po
rti

on
 o

f v
ar

ia
nc

e 
ex

pl
ai

ne
d,

 V
ω
/V
1

U
ltr

a 
ra

re

In
te

rm
ed

ia
te

 ra
re

C
om
m
on

5e-04 1e-03 5e-03 1e-02 5e-02 1e-01 5e-01 1e+00

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Standard Neutral Model

derived allele frequency, ω

P
ro

po
rti

on
 o

f v
ar

ia
nc

e 
ex

pl
ai

ne
d,

 V
ω
/V
1

U
ltr

a 
ra

re

In
te

rm
ed

ia
te

 ra
re

C
om
m
on

5e-04 1e-03 5e-03 1e-02 5e-02 1e-01 5e-01 1e+00

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Standard Neutral Model

derived allele frequency, ω

P
ro

po
rti

on
 o

f v
ar

ia
nc

e 
ex

pl
ai

ne
d,

 V
ω
/V
1

U
ltr

a 
ra

re

In
te

rm
ed

ia
te

 ra
re

C
om
m
on

Uricchio, et al. Genome Res 26, 863-873 (2016).26



Genetic architecture is altered by selection and 
demography
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Genetic architecture is altered by selection and 
demography

Uricchio, et al. Genome Res 26, 863-873 (2016).
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Genetic architecture is altered by selection and 
demography

Implication: in some cases, largest effect alleles are 
very rare, so we may not detect them with GWAS!

Uricchio, et al. Genome Res 26, 863-873 (2016).
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Demography and selection matter!

As populations expand and contract, or strength of selection 
changes, the frequency spectrum responds. 
This can and should impact the genetic architecture of traits!

dependent on the joint distribution of effect sizes and allele fre-
quencies and not only the mean burden of deleterious alleles.

Here, we propose a novel model of complex traits that unifies
previously studied models (Eyre-Walker 2010; Lohmueller 2014b;
Simons et al. 2014) into a single framework. We use simulation
and numerical algorithms to investigate a wide variety of human
demographic and selection parameters for European and African
populations and study the role of rare variants in complex
phenotypes. We then use simulations and human RNA-seq data
to ask whether the changes in genetic architecture driven by hu-
man selection and demography have implications for the statisti-
cal discovery of causal rare variants and consider the ramifications
of our findings for studies of genetic architecture in human
populations.

Results

An evolutionary model of complex phenotypes
We develop a phenotype model that explicitly captures the rela-
tionship between selection strength and effect size by unifying
the models proposed in Eyre-Walker (2010) and Simons et al.
(2014) (Methods). The parameters of our model capture both plei-
otropy (through r) and the functional relationship between selec-
tion and effect size (through t and d). Variant alleles with fitness
consequence s will have effect size zs as follows:

zs =
d|s|t with probability r
d|sr |t otherwise

{
(1)

The d and t parameters were proposed by Eyre-Walker (2010) and
allow the marginal distribution of effects to differ from the mar-
ginal distribution of selection coefficients. The r parameter is a
generalization of the p parameter proposed by Simons et al.
(2014) and allows for the introduction of pleiotropy without al-
tering the overall marginal distribution of effects. With probabil-
ity r, the effect size zs of a site with selection coefficient s is
chosen to be d|s|t. Otherwise, zs is determined by a random sam-
ple (sr) from the marginal distribution of selection coefficients. d
is −1 or 1 with equal probability, allowing for trait-increasing and
decreasing alleles.

From an evolutionary perspective, this model captures the
idea that phenotypes under direct selection will have a tight corre-

lation between selection strength and the absolute value of effect
size (i.e., high r and high modularity of the causal genetic varia-
tion), but the marginal distribution of effects may grow faster or
slower than the distribution of selection coefficients (i.e., t can
be a value greater than or less than 1). Due to pleiotropic effects,
some sites may have large selection coefficients but small effects
on the phenotype (i.e., decreasing r allows increased emphasis
on pleiotropy). Both trait-increasing and trait-decreasing alleles
are equally deleterious and equally probable, as might be expected
for traits under stabilizing selection. A pictorial representation of
the model is given in Supplemental Figure S1 (for further details,
see Methods).

Selection and demography impact the genetic architecture
of complex traits
Recent studies of deleterious alleles and complex demography
have often focused primarily on genetic load rather than genetic
architecture. In order to gain intuition about how the parameters
of our model and evolutionary events impact time-dependent ge-
netic architecture, we first studied our phenotype model under
simplified conditions. We let t = 1 and specify two categories of
selected sites: one strong (s = −10−2, 2Ns = −146) and one weak
(s = −2× 10−4, 2Ns = −2.92). Because this model has two selec-
tion coefficients, it will also have only two effect sizes, as mediated
by the parameter r. It has been shown that deleterious allele load
is not sensitive to demography under this model (Simons et al.
2014), but our interest is in understanding the implications for
trait architecture.

We start by calculating the site frequency spectrum (SFS) as a
function of time using a rescaling-based numerical solver (for a
brief discussion of rescaling, see Hoggart et al. 2007) and stochastic
simulations (Hernandez 2008). In a model of European demo-
graphic history (Methods; Gravel et al. 2011), our numerical cal-
culations predict that the proportion of variable sites that are
singletons (denoted c) is strongly impacted by demographic
events (Fig. 1A, solid lines), and that the nonequilibrium predic-
tions made under the model are in agreement with results from
stochastic forward simulations (Fig. 1A, points). As expected, ex-
pansion events increase c, whereas contractions decrease c.

In Figure 1B, we plot the proportion of the trait’s genetic
variance that is explained by singletons,Vc/V1, which is ameasure

of the genetic architecture of the trait (V1 is
the variance explained by all alleles under
frequency 1, and hence represents the total
genetic variance in the trait). We find that
Vc/V1 is strongly impacted by demographic
events and the relationship between selec-
tion and effect sizes. Expansions increase
the role of rare variants in the trait, whereas
contractions have the opposite effect. Sus-
tained exponential growth results in a
drastic increase in the role of rare alleles.
Note that this time-dependent behavior
for exponential expansion is qualitatively
different from the stepwise ancestral ex-
pansion event at time 0, which results in
an abrupt increase in the proportion of
trait variance explained by rare alleles and
a fast relaxation to a new equilibrium. Im-
portantly, when r = 1 and causal loci are
completely modular, sustained exponential

Figure 1. Time-dependence of singleton variants under a European growth model (Gravel et al.
2011). (A) The proportion of variable sites that are singletons (c). (B) The proportion of the genetic
variance in a complex trait that is due to singletons. A sample of n = 500 chromosomes was used for
each panel. The solid, dashed, and dotted lines show the results of our numerical algorithm, whereas
the points are the results of stochastic forward simulations. Each point represents themean across 100
simulations. The demographicmodel consists of an expansion event at time 0, successive bottlenecks
at times 0.27 and 0.34, and sustained exponential growth after the last bottleneck (see Methods,
“Calculating the impact of demographic events on genetic architecture” for completemodel details).

Uricchio et al.
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dependent on the joint distribution of effect sizes and allele fre-
quencies and not only the mean burden of deleterious alleles.

Here, we propose a novel model of complex traits that unifies
previously studied models (Eyre-Walker 2010; Lohmueller 2014b;
Simons et al. 2014) into a single framework. We use simulation
and numerical algorithms to investigate a wide variety of human
demographic and selection parameters for European and African
populations and study the role of rare variants in complex
phenotypes. We then use simulations and human RNA-seq data
to ask whether the changes in genetic architecture driven by hu-
man selection and demography have implications for the statisti-
cal discovery of causal rare variants and consider the ramifications
of our findings for studies of genetic architecture in human
populations.

Results

An evolutionary model of complex phenotypes
We develop a phenotype model that explicitly captures the rela-
tionship between selection strength and effect size by unifying
the models proposed in Eyre-Walker (2010) and Simons et al.
(2014) (Methods). The parameters of our model capture both plei-
otropy (through r) and the functional relationship between selec-
tion and effect size (through t and d). Variant alleles with fitness
consequence s will have effect size zs as follows:

zs =
d|s|t with probability r
d|sr |t otherwise

{
(1)

The d and t parameters were proposed by Eyre-Walker (2010) and
allow the marginal distribution of effects to differ from the mar-
ginal distribution of selection coefficients. The r parameter is a
generalization of the p parameter proposed by Simons et al.
(2014) and allows for the introduction of pleiotropy without al-
tering the overall marginal distribution of effects. With probabil-
ity r, the effect size zs of a site with selection coefficient s is
chosen to be d|s|t. Otherwise, zs is determined by a random sam-
ple (sr) from the marginal distribution of selection coefficients. d
is −1 or 1 with equal probability, allowing for trait-increasing and
decreasing alleles.

From an evolutionary perspective, this model captures the
idea that phenotypes under direct selection will have a tight corre-

lation between selection strength and the absolute value of effect
size (i.e., high r and high modularity of the causal genetic varia-
tion), but the marginal distribution of effects may grow faster or
slower than the distribution of selection coefficients (i.e., t can
be a value greater than or less than 1). Due to pleiotropic effects,
some sites may have large selection coefficients but small effects
on the phenotype (i.e., decreasing r allows increased emphasis
on pleiotropy). Both trait-increasing and trait-decreasing alleles
are equally deleterious and equally probable, as might be expected
for traits under stabilizing selection. A pictorial representation of
the model is given in Supplemental Figure S1 (for further details,
see Methods).

Selection and demography impact the genetic architecture
of complex traits
Recent studies of deleterious alleles and complex demography
have often focused primarily on genetic load rather than genetic
architecture. In order to gain intuition about how the parameters
of our model and evolutionary events impact time-dependent ge-
netic architecture, we first studied our phenotype model under
simplified conditions. We let t = 1 and specify two categories of
selected sites: one strong (s = −10−2, 2Ns = −146) and one weak
(s = −2× 10−4, 2Ns = −2.92). Because this model has two selec-
tion coefficients, it will also have only two effect sizes, as mediated
by the parameter r. It has been shown that deleterious allele load
is not sensitive to demography under this model (Simons et al.
2014), but our interest is in understanding the implications for
trait architecture.

We start by calculating the site frequency spectrum (SFS) as a
function of time using a rescaling-based numerical solver (for a
brief discussion of rescaling, see Hoggart et al. 2007) and stochastic
simulations (Hernandez 2008). In a model of European demo-
graphic history (Methods; Gravel et al. 2011), our numerical cal-
culations predict that the proportion of variable sites that are
singletons (denoted c) is strongly impacted by demographic
events (Fig. 1A, solid lines), and that the nonequilibrium predic-
tions made under the model are in agreement with results from
stochastic forward simulations (Fig. 1A, points). As expected, ex-
pansion events increase c, whereas contractions decrease c.

In Figure 1B, we plot the proportion of the trait’s genetic
variance that is explained by singletons,Vc/V1, which is ameasure

of the genetic architecture of the trait (V1 is
the variance explained by all alleles under
frequency 1, and hence represents the total
genetic variance in the trait). We find that
Vc/V1 is strongly impacted by demographic
events and the relationship between selec-
tion and effect sizes. Expansions increase
the role of rare variants in the trait, whereas
contractions have the opposite effect. Sus-
tained exponential growth results in a
drastic increase in the role of rare alleles.
Note that this time-dependent behavior
for exponential expansion is qualitatively
different from the stepwise ancestral ex-
pansion event at time 0, which results in
an abrupt increase in the proportion of
trait variance explained by rare alleles and
a fast relaxation to a new equilibrium. Im-
portantly, when r = 1 and causal loci are
completely modular, sustained exponential

Figure 1. Time-dependence of singleton variants under a European growth model (Gravel et al.
2011). (A) The proportion of variable sites that are singletons (c). (B) The proportion of the genetic
variance in a complex trait that is due to singletons. A sample of n = 500 chromosomes was used for
each panel. The solid, dashed, and dotted lines show the results of our numerical algorithm, whereas
the points are the results of stochastic forward simulations. Each point represents themean across 100
simulations. The demographicmodel consists of an expansion event at time 0, successive bottlenecks
at times 0.27 and 0.34, and sustained exponential growth after the last bottleneck (see Methods,
“Calculating the impact of demographic events on genetic architecture” for completemodel details).
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Demography and selection matter!

Demography and selection also impacts the number of 
causal variants!

AfricanEuropeanIsolated
Lohmueller, PLoS Genet (2014).
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Open Questions
• What does does the genetic architecture of a 

complex trait really look like? 

• How many causal variants are there? 

• Proportion of effects from rare/common alleles? 

• Additive vs epistatic interactions? 

• Pleiotropy?
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Simulating Genetic 
Architectures and 

Inferring Heritability

34



Goals

• To learn what heritability is 

• To learn how to calculate it from unrelated samples 

• To learn how to simulate phenotypes & evaluate 
performance of the test
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What is heritability?

• Phenotype(φ)	=	Genotypes(G)	+	Environment(ε)
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How do we estimate h2?
• We will focus on Haseman-Elston (HE) regression 

• Very simply: 

• Let p be the covariance in phenotypes across 
all individuals 

• Let g be the covariance in genotypes across all 
individuals 

• h2 = the correlation between p and g!!
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• The basic model of phenotypes we will assume is an 
additive model 

• We will assume that environmental noise is σε2~N(0,σ2)

How do we simulate phenotypes?
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• The genetic effect depends on causal variation! 

• With 1 causal locus and little environmental noise:

How do we simulate phenotypes?
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• The genetic effect depends on causal variation! 

• How much environmental noise is there? 

• It depends on your desired level of h2!

How do we simulate phenotypes?
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• We are going to do the simulations in R!! 

• Open terminal/command prompt and type: 

• Rscript  HEplay.R

• If Rscript does not work on your computer, you can 
open R, and move to HEplay directory and type: 

• source(“HEplay.R”)

How do we simulate phenotypes?
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• It will produce output like this: 
rhernandez$ Rscript HEplay.R  
Read 7570 items
Read 2725200 items
0.4468355 (mean = 0.4468355)
0.59926 (mean = 0.5230477)
0.6873345 (mean = 0.57781)
0.3375272 (mean = 0.5177393)
0.4301956 (mean = 0.5002305)
0.5716429 (mean = 0.5121326)
0.8160635 (mean = 0.5555513)
0.6663577 (mean = 0.5694021)
0.3248046 (mean = 0.5422246)
0.584494 (mean = 0.5464515)
0.4031187 (mean = 0.5334213)
0.6347714 (mean = 0.5418671)
0.3799034 (mean = 0.5294084)
0.3614569 (mean = 0.5174118)
0.4317423 (mean = 0.5117005)
0.6364826 (mean = 0.5194994)
0.5425433 (mean = 0.5208549)
0.5204382 (mean = 0.5208318)
0.6647941 (mean = 0.5284088)
0.6268889 (mean = 0.5333328)
0.5361605 (mean = 0.5334674)
0.5609872 (mean = 0.5347183)
0.650662 (mean = 0.5397593)
0.5030965 (mean = 0.5382317)
0.4885729 (mean = 0.5362454)
True h2 = 0.5 
mean(estimated h2) +- 2SE = 0.5362454 +- 0.04996943 
Relative Bias = 0.07249074 

How do we simulate phenotypes?

AAAa
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• It will produce output like this: 
rhernandez$ Rscript HEplay.R  
Read 7570 items
Read 2725200 items
0.4468355 (mean = 0.4468355)
0.59926 (mean = 0.5230477)
0.6873345 (mean = 0.57781)
0.3375272 (mean = 0.5177393)
0.4301956 (mean = 0.5002305)
0.5716429 (mean = 0.5121326)
0.8160635 (mean = 0.5555513)
0.6663577 (mean = 0.5694021)
0.3248046 (mean = 0.5422246)
0.584494 (mean = 0.5464515)
0.4031187 (mean = 0.5334213)
0.6347714 (mean = 0.5418671)
0.3799034 (mean = 0.5294084)
0.3614569 (mean = 0.5174118)
0.4317423 (mean = 0.5117005)
0.6364826 (mean = 0.5194994)
0.5425433 (mean = 0.5208549)
0.5204382 (mean = 0.5208318)
0.6647941 (mean = 0.5284088)
0.6268889 (mean = 0.5333328)
0.5361605 (mean = 0.5334674)
0.5609872 (mean = 0.5347183)
0.650662 (mean = 0.5397593)
0.5030965 (mean = 0.5382317)
0.4885729 (mean = 0.5362454)
True h2 = 0.5 
mean(estimated h2) +- 2SE = 0.5362454 +- 0.04996943 
Relative Bias = 0.07249074 

How do we simulate phenotypes?

AAAa Who got the largest/
smallest value?
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How do we simulate phenotypes?
• Simplest model: 

• There is 1 causal SNP. 

• Reference allele has no effect, but alternate allele 
has “some non-zero effect size”.
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• Simplest model: 

• There is 1 causal SNP. 

• Reference allele has no effect, but alternate allele 
has “some non-zero effect size”.

How do we simulate phenotypes?
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• Simplest model: 

• There is 1 causal SNP. 

• Reference allele has no effect, but alternate allele 
has “some non-zero effect size”.

How do we simulate phenotypes?
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• Simplest model: 

• There is 1 causal SNP. 

• Reference allele has no effect, but alternate allele 
has “some non-zero effect size”.

How do we simulate phenotypes?
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• Simplest model: 

• There is 1 causal SNP. 

• Reference allele has no effect, but alternate allele 
has “some non-zero effect size”.

How do we simulate phenotypes?

−3 −2 −1 0 1 2 3

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

Normalized Phenotype

D
en

si
ty

h2=0.99
h2=0.9
h2=0.8
h2=0.5
h2=0.2

48



• Less simple model: 

• There are Nc causal SNPs (h2=0.99). 

• Reference alleles have no effect, but alternate 
alleles have the same “non-zero effect size”.

How do we simulate phenotypes?

−2 −1 0 1 2

0
10

20
30

40

Nc=1

Normalized Phenotype

D
en

si
ty

49



• Less simple model: 

• There are Nc causal SNPs (h2=0.99). 

• Reference alleles have no effect, but alternate 
alleles have the same “non-zero effect size”.

How do we simulate phenotypes?
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• Less simple model: 

• There are Nc causal SNPs (h2=0.99). 

• Reference alleles have no effect, but alternate 
alleles have the same “non-zero effect size”.

How do we simulate phenotypes?
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• Less simple model: 

• There are Nc causal SNPs (h2=0.99). 

• Reference alleles have no effect, but alternate 
alleles have the same “non-zero effect size”.

How do we simulate phenotypes?
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• We are going to do the simulations in R!! 

• Pick your favorite natural number (X). 

• type: 

• Rscript  HEplay.R  Nc=X

• Who picked the smallest/largest number? 

• Who got the smallest/largest mean(estimated h2)?

How do we simulate phenotypes?

AAAaaa

53



• Are your results consistent with this?

How do we simulate phenotypes?

AAAaaa
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• I’ve actually tricked you! 

• By default, HEplay.R throws away all variants with 
MAF<0.05. 

• You can change this in the simulation by typing: 

• Rscript  HEplay.R  Nc=X  minMAF=0

How do we simulate phenotypes?
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• Rscript  HEplay.R  Nc=X  minMAF=0

How do we simulate phenotypes?
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• Who gets the largest/smallest estimate of h2 now?

• There is another problem!!

How do we simulate phenotypes?
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• Here is the MAF distribution

• What happens if Nc=1 and your causal variant is a 
singleton?!

How do we simulate phenotypes?

MAF

N
um

be
r o

f S
N

Ps

0.0 0.1 0.2 0.3 0.4 0.5

0
10

00
20

00
30

00
40

00

58



• Here is the MAF distribution

• What happens if Nc=1 and your causal variant is a 
singleton?!

How do we simulate phenotypes?
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• Here is the MAF distribution

• What happens if Nc=1 and your causal variant is a 
singleton?!

How do we simulate phenotypes?

slope=-0.058!!!
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• Fortunately, most real traits are polygenic, so the 
algorithm works well.

• Pick your favorite value for h2 between 0 and 1.

• Type:

• Rscript  HEplay.R  minMAF=0  h2=$h2

How do we simulate phenotypes?
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• Who picked the smallest/largest value of h2?

• Did you also get the smallest/largest mean(est(h2))?

How do we simulate phenotypes?
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• Type:
•Rscript  HEplay.R  h

rhernandez$ Rscript h2sim.R h
 Options include:

help (h)
Prints out this help menu. For options below, default values are in parentheses.

GENE=<gene>
Note that only APOL1 is provided

h2=<h2>
Include any value of h2 between [0, 1]. (0.5)

minMAF=<minMAF>
Minimum MAF for variants included in analysis (i.e., exclude all variants with MAF < minMAF (0.05)

INDIR=<input directory>
Input directory for data file (.)

Kbins=<K>
The number of GRM bins you want to analyze (20)

NSIMS=<NSIMS>
Total number of simulations to run (25)

CM=<CM>
Model 1-3 for choosing causal variants (1)

Nc=<Nc>
The number of causal variants for analysis (10)

K=<K>
The number of frequency bins to choose causal variants from when CM=2 (1)

fT=<fT>
Frequency threshold for defining rare variants when CM=3 (0)

…

How do we simulate phenotypes?
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• There are many ways to play with this code to learn about 
how assumptions regarding the genetic model of a complex 
trait impact our inference of heritability.

• Type:

• Rscript   HEplay.R   PLOT=1

• This will create a file with the ugly name:

• ls  
h2hat_h2=0.5_minMAF=0.05_Kbins=20_CM=1_Nc=10_K=1_fT=0_fR=0_BM=1_fB=
0.05.pdf

How do we simulate phenotypes?
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• Once it is transferred, open it, and it should look 
something like this:

How do we simulate phenotypes?
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• This script allows you to randomly drawn causal 
variants using 3 models using the option

• Rscript  HEplay.R  CM=<CM> [options]

• So far, we have only used default:  CM=1

• Sample Nc SNPs randomly from the set of all SNPs 
with MAF >= minMAF.

• By default, minMAF=0.05, but we already talked 
about changing this.

• Preferentially samples rare causal variants.

How do we simulate phenotypes?
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• This script allows you to randomly drawn causal 
variants using 3 models using the option

• Rscript  HEplay.R CM=<CM> [options]

• CM=2 K=<K>

• Randomly samples causal SNPs from K different 
bins.

• For example, K=2 would choose Nc/2 SNPs from 
(0,0.25) and Nc/2 SNPs from (0.25, 0.5)

How do we simulate phenotypes?
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• This script allows you to randomly drawn causal 
variants using 3 models using the option

• Rscript  HEplay.R CM=<CM> [options]

• CM=2 K=10 Nc=100

How do we simulate phenotypes?
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• This script allows you to randomly drawn causal variants 
using 3 models using the option

• Rscript  HEplay.R  CM=<CM> [options]

• CM=3 fT=<fT> fR=<fR>

• Specify a frequency threshold (fT) for defining a rare 
causal variant.

• Specify the fraction of causal variants that are rare 
(fR).

• What would this do?

• CM=3 fT=0.01 fR=0.5

How do we simulate phenotypes?
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• Now that we have sampled causal variants, we need 
to specify their effect size.

• There are two ways to do this, specified using:

• BM=<BM> [options]

• So far, we have been using the default:

• BM=1 fB=0.05

• This sets all effect sizes to be the same at 5%.

• That is, each additional causal variant than an 
individual carries increases their phenotype by 5%

How do we simulate phenotypes?
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• Now that we have sampled causal variants, we need 
to specify their effect size.

• There are two ways to do this, specified using:

• BM=<BM> [options]

• We can also make effect size a function of allele 
frequency:

• BM=2

• A causal allele with frequency x will have effect size:

• -0.4*log10(x)

How do we simulate phenotypes?
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• Under BM=2 model, the effect size function looks 
like this:

How do we simulate phenotypes?
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• You can now combine these options to create interesting 
genetic models of complex traits!

• Here are a couple of examples (what do they do?):

• Rscript HEplay.R CM=2 K=10 minMAF=0 BM=2

• Rscript HEplay.R CM=3 fT=0.01 fR=0.9 minMAF=0

• Rscript HEplay.R CM=3 fT=0.01 fR=0.9 minMAF=0 BM=2

• Whoever creates the model with the largest bias wins!

Play!
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