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Introduction

Bayesian regression models

Correlated data

= MCMC

= Meta-analysis

Mixed treatment comparisons

= Diagnostic testing with missing gold standard

Overview of the Bayesian approach

= Goal: learning about an unknown parameter 6 (possibly a v ector)
= 0 = true disease status
= 0 = hazard ratio
= 0 = probability that experimental treatment is better
= 0 = vector of regression coefficients
= 0 = missing data
= etc...
= Data: y (e.q. test result)
= Inputto analysis:
= Prior distribution: P(0)
= Likelihood Function: L(6]y ) P(y|6)




i The likelhood function

= A likelihood function is a function of the parameters
of a probability model given the outcomes.
= The likelihood of 8, given outcome y, is equal to the
probability of that observ ed outcome given 6.
= Forexample, a Bernoulli random variable Y takes on
two possible values: 0 or 1
= Likelihood function based on a Bernoulli observ ation:
= Given that y=1, the likelihood function of 8 is:
L(Bly=1) = P(Y=1|0)=0
= Given that y=0, the likelihood function of 8 is:
L(B]y=0) = P(Y=0|0)=1-8

Prior Distributions

= Quantifiable prior belief about the parameter of interest
= Choice of priorsis based on judgments and a degree of
subjectivity cannot be avoided
= Prior is not unique!

= Sensitivity analysis allows us to assess the impact of
particular distributions on the conclusions

= Construct prior, P(6), based on prior belief
= Conjugate priors result in posterior in same family
= Non-informativ e or flat prior

i Posterior distribution

= Outputfromanalysis r——————-—— 1
= Posterior distribution: :P(H\Y)= POLOIY) |

POLO|Y )0,

Probabilty darsiy




Inference based on posterior distribution

= Inferences based on summaries of the posterior
distribution

= Point estimates:
= Mean/Median/Mode
= Interval estimates: d
« One-sided credible intervals
= Two-sided credible intervals
Equi-tail area
Narrowest interval

[HPD: highest posterior density intervals]

Choices of summary measures justified with loss functions
[decision theory].

i Primary packages we will use

= INLA

= rjags (alternative choices R2jags, runjags)

= Download at: http://www . r-inla.org/dow nload
> library(INLA)

> install. ;padkages(INLA", repos=o(getOption("repos’), INA="hit x:inla rinla-chunicad arg/R/testing'), dep=TRUE)
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Generalized Linear Regression Models -
= Mean: E[Y | X, X, , X, ]=4 =g'(n,) where g is a link functior]

= Regression Model: gu)=n,=B+BX, +BX, 0 +B,X,
= Linear regression model
g(u) = =By + B X, + X, + +ﬂp)(!p
= Logistic regression model
)= log L BN, X4 +BX,
l=p

= Probit regression model

glp)= o (u)= ﬂo +ﬂ1Xz| +ﬁ2X,z +J +ﬂpo
= Poisson regression model

g(p)=log(u,)= B, + BX, + X, + +ﬁ/))(rp

Bayesian GLM
« Mean: E[Y,|X,[ ,X,]=u,=¢"(17,) where g is a link function

« Regression Model: &) =171, = Sy + B X, + B X, +0 + X,

= Priors:

= Regression parameters: (ﬂ()’ﬁ]’ﬂz""ﬁp)

)
= “Nuisance” parameters (e.g. in linear regressiorp— )

= Note:

= Regression coefficients have the same interpretation (e.g. difference in
means; log-odds ratio; etc)

= Interpretation of inferential results are different (e.g. posterior mean;
probability that the regression parameter lies in some interval; etc)

Bayesian GLM in R

= We will use the INLA package
= Different approaches to estimation of GLMs
= Approximate posterior inference (Bay esian CLT)
= Advantages:
= Syntaxvery similar to traditional GLMs
= Noneed for heavy programming (e.g. MCMC methods)
» Disadvantages:
= Approximate method under small samples
= Constrained by model formulations handled by the packages




Bayesian GLM in R: INLA package

= Integrated Nested Laplace Approximations (INLA)
= Alternative to MCMCin (latent) Gaussian models

= Regression Model: .
2) =1, =B+ DX, + D (X)+e,

j=l =

/() :unknown functions of covariates X
B; +linear effects of covariates X

€, 1 unstructured terms

= Assumption in latent Gaussian models:

Gaussian Prior for: £, {8}, {f,()}, &}

Bayesian GLM in R: INLA package

= Latent model:
Let z represent the collection of all Gaussian variables:
BoAB; 15,03 4a )

with distribution 7(z|6,) with mean 0 precision matrix Q(6,).
= Model: 7(v[z6,)

= Prior: Let 0=(6,,0,) with prior ().
= Via Gaussian & Laplace approximations:
(z,0,y)
;(z16,y) )
2z () :mode of (216,y) *
7; : Gaussian approximation of 7(zl6,y)

7(01y)

Latent

Model Name
Models in INLA

Description

|ndependent random variables

Linear
For more info: Constrained linear

http://www.r-inla.org | Random walk of arder 1

of arder 2 oz
Continuous random walk of order 2 crw2
Model for seasonal variation seasonal
Maodel for spatial effect besag
Model for spatial effect besagpropes
Model for weighted spatial effects besag?
Mode| for spatial effect + random bym
effect

Autoregressive model of order 1 arl
Autoregressive model of order p z
The Omstein-Unlenbeck process
User defined structure matrix, type 0
User defined structure matrix, type1
User defined structure matrix, type2
Model for comelated effects with

| iiaug,
Wishart prior (dimension 1, 2, 3,4
and 5)
Classical random effect modal z Zpdf
Random walk of 2nd order on a wzd rw2d pdf
lattice
Gaussian field with Matem matern2d matem2d pdf
covariance function
Classical measurement error model mec mec.pdf
Berkson measurement error model meb meb.pdf
Spatial lag model slm sim.paf

Sigmadial and reverse sigmodial sigm, revsigm sigm.paf




ogatve Binoma ThTRonTs o oy
Posson
Binomist

Gaussian
Skow Narmsr
‘Sadontt

Gauasin modol or Bochaste
volatity

“Studeri-t model for stochasbe

NIG mose: ‘o stochasc stoskval.nig o
voiatity
Zoro Fiaied Poisson.

2or0 ihated Brome

Likelihoods

2Zero infated negative
Binoma.

T T—r— =

oo Fitalod bota binomal =+
(s 2)

Ganoraiaod extomd valp =
distrbution (GEV)

Topese ssrue
Exponenta (Survval medels) expanent ta

Vioibul (Survivar modor)

Uogiogu: (v o)
Coghisrrl (Sural el -
Cox mode! (Survea model] T

Model Name Description

Normal distrisution

Priors on gaussian

hyperparameters Log-gamma loggamma
distribution

gaussian.pdf

armma.pof

Imgroper flat prioe

Truncated Normal
distribution

gsian

Impropar fiat prior on logflat
the log scale

Teryregoar Tlal o cn tha
1 kg el

Wishart prior

Beta for corelations
Logit of a Beta
Difing Your own prior
Difing your own prior

Multiple Linear Regression in R

= FEV dataset: contains data on 654 children.
https://raw githubusercontent com/rhubh/ STSCR2017/ma ster/data/fe v txt

= seqnbr case number (the rumbers 1 654)
= subjd subject identification number (urique for each different child)
- age subject age at time of measurement (years)
= fev measured FEV (litersper second)
- height subject height at time of measuremert (inches)
. sex subject sex (1 = male, 2 = female)
- smoke smoking habits (1 = yes, 2 = no)
= o
= Our goal is to assess the association between s il i >

FEV and smoking status adjusting for age.

wopes|




Multiple Linear Regression in R

> read FEV data set

> data . tabl eCtips: S
+ col. narme s/o( "seq b, "SUDJI ", Tage, FeV, el g, "Sed, amoke))

> # exanine a few entries of the data set

> head (data)

seebr subjid age ey hoight sex smoke,
1 1 9178 5.0 2 2
2 D oel et os s s
3 3 01 71720 505 2 2
4 4 842 9158 .0 1 2
5 5 1 9188 50 1 2
6 6 1M1 82.3® 6L0 2 2

> # sumarize the var icbles
> sumary(data)

885888

> # Scatter plat of log(fev) by age
= plot Clog (fev ) - age.  ata=cit &

seatter plot of fafew) b
o mot(lrx;( )~ type

e, but strati fied by stoking status
=d ata)
data~datalth taismke

D)
TRete
. s cCred”, "blue") , pch=c(15,16))

Bayesian GLM in R: INLA package

Bay esian linear regression: FEV data

> library(INLA)

> fit = inlaClog(fev)~ smoke + age, data=data)

> fitsummary

mean sd 0.025qant  O.5quant  0.975qiant mde kid
(Intercept) -0.1569145 0.075213737 ~0.30461595 ~0.15691665 ~0.0093D742 -0. 15691453 4.170371e-14
smoke 0.08927(2 0.080091877 0.03083392 0.(899%17 0.148963457 0.(B99Z702 4.01090%e-14
age 0.09076807 0.003050123 0.08477837 0.09076798 0.096752630 0.(B076807 4.661605%-14

> fitssunmary.hy
mean i 0.025qiant 0.5quant 0.975quant _ mode
Precision for the Gaussian observations 22.58597 1.25047% 20.20882 22.%905 25.1505 22. 51306

Bayesian GLM in R: INLA package

Bay esian linear regression: FEV data

fit.priorl = inla(log(fev)~ snke + age, data=cata,
ly = list(

Making prior assumptions explicit

_priori$sumary. fix
fit.priori$sumary.hy

> fit.priorissimmary. fix
mean sd 0.025quant  0.5quant 0.975quant mode
(Intercept) -0.15691451 0.079087093 ~0.31222632 ~0. 1591674 -0.001736104 -0.1591461 4.714742e-14
moke: 0.08992701 0.031641908 0.02778911 0.08992612 0.152011540 0.08992701 4.721406e-14
0.09076807 0003207235 0.08446975 0.0907678 0.09706877 0.09076807 4.218079e-14
rigsummary . hy

sd 0.025quant 0.5quant 0.9%quant  mode
Precision for the Gaussian observations 20,2931 1. 169563 18,2024 20,408 22,8074 2035767
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Survival Models: Notation -

= Let T be a continuous non-negative random variable
representing survival times of individuals in some
population
= Density function (pdf): f(t)
= Distribution function (cdf): F(t)
= Fraction of people dying by time t
= Survival function: S(t)
= Fraction of people surviving at time t
= Hazard function: h(t)
= Instantaneous risk of death
= Cumulative Hazard: H(t)

i Survival Models: Relationships i

Likelihood contribution for a subject
)= f@) who dies
(=22
¢ FO=hn)S(@)

Likelihood contribution for a subject
who is censored

H(t)= j'h(u)du

' S(t)
F(f) = f Fu)du —
0 = Thus, ifd isthe indicator of death,
S(t)=1-F(t)=exp(-H(1)) we can write:
[rO]" s(0)

S@®) =h(®)S@®) = h(t)exp(-H (1))

—
R

5
Survival Models: Proportional Hazards -

= Proportional Hazards (PH) Model:
h(t) = hy()exp(B, + BX, +...+ B,X,)

= Parametric vs Semi-parametric PH model?
= What isthe form of the baseline hazard (ho(.)) function?




PH regression models in R

Data from the German Breast Cancer Study Group 2 contains
the observ ations of 686 women:

horTh hormonal therapy, a factor at two levels no and yes.

= age age of the patients in years.

menostat menopausal status, a factor at two levels
pre(premenopausal) and post (postmenopausal)

« tsize tumor size (in mm)

« tgrade tumor grade, a ordered factor at levels I < II < IIL
» pnodes number of positive nodes

= progrec progesterone receptor (in fmol)

= estrec estrogen receptor (in fmol)

« time recurrence free survival time (in days)

= cens censoring indicator (0- censored, 1- event).

= Scientific question of interest: does receipt of hormone therapy affect the length of
time to breast cancer recurrence?

25
4 —- data puticty avaitabte in an R-package
- data package="TH.data"
- Sumary(68562)
hormh aoe nenostat tsize corade orodes estrec tire
no 440 Min. 2100 pre 200 win. 300 1t win 100 0.0 i win 50
Jesi246  1STQu.D46.00  POSCI® 1St Qu.: 20000 11 1444 IstQui 100 ISt QD 7.0 dstui 800 IstQu.: 567
edian :53.00 Wedian': 2500 111161 Veafan: 3.00 esian © 325 Nedian © 3600 lewan ‘1084 0
wean :53.05 wean': 29.33 vean' © 501 wean 1100 Mean 9525 tem ‘11245
e Qu.261 00 Srd u.: 3.0 Srd'Qu: 700 Ird Qu: 1318  3rd Qu.: 114,00 3rau.:1684.8
Wax.. 580,00 Nax. 120,00 Vo G100 Max. 238000 Nax. 114400 ax o
win. 200000
weatan’ :0.000
wean' 10,4359
srd u.:1.0000 a W Thecsy
v 10000 -
z
H
o P )
26

>## (Seni-Paranetric) Cox PH model
>fitl < coxph(Surv(tine, cens) ~ horTh, data=8S62)

> sunmary (Fit1)
G Formuta = Sur(tine, cers) - horTh, data = B2 )
ne 896, number of events= 269 PH regression models
coef exp(ooer) se(coem) 2 PrGlzl) in R

horThyes -0.3640  0.6949  0.1250 -2.911  0.0036 **

Signif. codes: O *** 0.00L **** 0.0 ** 0.05 “.* 0.1 * * 1

exp(coef) exp(-coef) lower .9 upper .%
horThyes  0.6949 143 0.4  0.8879
Concordance= 0.543 (se = 0.015 )

Rsquare= 0.013  (nax possible= 0.99 )

Likel ihood ratio te oo 1df,  p=0.002977
vald test o 1df,  p=0.008602
Score (logrank) test on 1 df,  p=0.0034:

> ## Paranetri c survival (Veibu Il regression)

w ary( eha)
> fit3 < preg(Surv(tine, cens) - horTh, dataGBS2 , dist = “ve

mary( fi3)
cal
phreg(formula. = Surv(time, cens) - horTh, data = GBSG2, dist = “veibu
Coari ate W.mean Coef Bp(Coef) se(Coed)  Wald p
orTh
oo 064 0 1 (reference)
yes 0.3 0.8 0675  0.1%5  0.002
log(scale) 7.608 0.0  0.000
Tog(shape) 0.251 0.00  0.000
Bvents 2%
Total tire at risk 77100
Mex. 1og. ik lihood —26% .1
LR test statis tic 10.3

Degreess of freedon 1
Oeral I p-value 000128745




Bayesian PH regression models in R:

Non-parametric

T aryC A)

pararetric PH nodel
asurv(tine, cens) -~ horTh,

- Tie 25 hlai
> smary(fit)

Iy="coxpi", data =GES G2)

cal

Tine used:

Preprocessing  Running inla Pos t-proces sing Total
0.0948 0.5117 00674 0.6630

Fixed effects:

mean s 0.025qant 0.Squatt 0.97qent  node kid
(Intercept) 7.70780.1403  -7.9948 —7.7039  -7.4426 -7 6965 0
PorThyes ~ -0 366001249  -0.6145 -0.3650 -0.1237 -0.3628 0O

Model hype rpar aneters:

0. 025quentt 0.5quan t 0. 975quant

mean sd 0. 97 mode
Precision for beseline hazard 145161 O43.88 363.52  1221.72 3902.23  849.37

Expected nurber of effective parane ters (std dev) : 9. 484(1.091)
Nrber of equivalent replicates - 497.48

Varginal Likel ihood: _-1379 .80

Bayesian PH regression models in R:

Non-parametric

> plot(fitssumary. randansbasel ine. hazard [, 10’
- exp(fi tssumary. fixed[ 1, 1] +f it$sunnary .randonSbase line .hazard[ ,
+ xab = b = "Basel ine hazard™)

Tine 'y

rean"1), type

Baseline hazard
3e-04 4004 Se-04 6e-04
L

2004

T T
0 500 1000 1500 2000 2500

time

Bayesian PH regression models in R:

Parametric

aranetr ic P model
a .surv(tine, cens) ~ horTh, fam ily="vei bu

> Bayes ian
> fit < inkaCi
> sumary(fit)

cal

cCintacfornila = inla .surv (tine, cens) ~ horTh, Lt data = @BSR)")
Tine used:
Preprocessing  Running infa Pos t-processing Total

0.0608 1.218 0.0485 1337

Fixed effects:

neal 0.025qant 0 Suant 0.9%aEnt  node  kid
(Intoroept) -9 5518 0. 442 -10.22682 9.3%08  -8.9047 -0.3598 le-04
Poryes > 01389101248 -0.6373 03880  -0.1470 -0 389 0a 100
The model fes o randon effects

Model hype rpar aneters:
mean sd_0.02Squant 0.5quant 0. 975quant mode
alpha parameter for veibull 12651 0.0749 1143 12867 1,439  1.290

Bxpected nutber of eff ective parane ters (st dev) © 2. 005(0.00)
Ntber of equ 2215

lent replicates : 3
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Analysis of Correlated Data

Loval 2: Individuals o

A\

Level 1: Outcomes  PH UH PH

0 1 75
UH PH UH PH UH

31
LONGITUDINAL ANALYSIS OF SERIAL MEASUREMENTS OF
FREE AND TOTAL PSA AMONG MEN WITH AND
WITHOUT PROSTATIC CANCER o
Example: Longitudinal data
JAY D, PEARSON, ALSEET A LUDERER, £ JEFFREY METTER ALAN W. PARTI
DAMIEL W, CHAN, JAMES L. FOZAKG ano B, BALLENTINE CAKTER
Urology 48(6A)4-9, 19%
Jr—
[Objectives. Evaluation of free and total serum prostate specific antigen (PSA] levels before diagnosis of
eyt
Mo o0 an otal P5A levels were: messared on ragen sera sampies of 26 men with e ity of
prastate disease (controls). 26 man with a histologic diagnosis of benign prostatic hyperplasia (BPH) made
iAoyl i s il M
ko Conphsntrgyson Sreis s st 0. vl PEs St S S oo o wie s
8™ Controls = Controls
‘g -
2 3
ol )
- 3
~ ol oe ==
= FSw 15 10 5 0
= & o©
2 g BPH Cases & &1 BPH Cases
< 3 23
L2 9
L E———— -k
= = Beol _ —— |
g 15 10 5 [ E S 15 10 & []
"
= g Cancer Cases £ &1 Cancer Cases
2 b3
- s |
o o
a -]
20 15 10 5 S0 15 10 5 0
Years Before Diagnosi Years Before Diagnosis
Covariation in the socioeconomic determinants of self rated
health and happiness: a multivariate multilevel analysis of
individuals and communities in the USA
S V Subramanian, Daniel Kim, khiro Kawachi
) i ety ok 00559,684-689. o, 101136/ o 2004 025742
Secend o orcl o e stk st ot bl ond hopplome; el us b
A o Design: Multivoriate mulilevel regression analysis of self raled poor hedth and unbappiness af level 1
2 wed within 24 118 people af leved 2, nested within 36 communities ot level 3. Dota were obioined from
Comupeadmant: the 2000 sociol copitol benchmark survey.
Seffing: USA communitos
(Human «d  Parfiaponts: 24 118 odults
;““W' He »"’;‘ Schoolof  Main outcome measures: Seff reported fair/poor health; and o single item measure of subjective
e sl wellbeiny
Hunkgton Avence, 2h R esul: Contrlling for damographic morkers, o song incoms ond education grodient wos seen forsel
roted poor health and unhappiness, with the grodient being sironger for poor health. Community level
correlotions between salf rafed pooe healh and hoppn rere stronger {0.65) than the individual level
hccrpind for publcton ComTelations (0.16] besween tha fwo ouicomes.
25 October 2004 Conclusion: Poor heabh ond unhappiness are highly posiively cormelted within individuels, and
communiies that are healiver tend % be hoppier and vics verio.
Lovel 3: Communities 36 Figure 1 Mullivariate mulslevel

1
snuchure of responses (PH, poor healh;
UH, unhappy) of level | nested within
individuals ot level 2 nested within
communities ot level 3
1




i et By s
S e

Spatial Analysis of the Distribution of Lyme Disease in Wisconsin

el Ktrom' and James J, Kagmveeczsi®

a0
fick disbibution During 10811894, 1 cases of Lyme decase
repurted lo tha Wiscansin D . bl oy

‘et coms kb i v Tk e 1 f T2 Worsn oo s g e
from tha patlic. Sateisa
S wwe s 1l pmatas, Acesoc. gt boon PPl o ooy goopi
rbormation systam IGHS) was sed 1o ap dislntulions of Fumn Ly divasses casss, ficks, and degres cf
egetation cover. Human case cistibution by county of expoeure was sgrificanty comeisied WA 1ok
distriticn: both were positivel corlabed wih figh NCVI vales: n sprimg and fa1, when wooded veg

TR T e

u i, incscaead casas. arc ek wara T o A
s of wesiorm Wisconsin. A map delneaing ihe coundias with ighs ris for Lyme diocase @ 01k ARt ot B 113 e
SIS GHY WER GECAFSIBN D436 o TuATDEes Of SKD0SEC TN GH543. 8 Bk CONCENARIRNS, AT J @ i 8 0

was
Epicdomi 1907,145.558-56.
‘googihi informalion systems; geography; Lyma diseass; remots sersing: spasel anayss: licks

Example: Spatial data

Griginal Aricle

Time Series Analysis of Data of in Japan
Ayako Sumi', Ken-ichi Kamo?, Norio Ohtomo®, Keili Mise®, and Nobumichi Kobayashi'

ABSTRACT
Biackground: Moch el has e expendd o kreting the o ofinflcza cpdemics, 30 10 besee

it o the obvius anmual cycle of influcza egidemsics longer-erm ncidense patms are
cnn ocus of cpidemiology. However, dere has been ks
T the present sty we used spectal analyss of
of st s o — i
s = o o i 1048 e EXQMPlET Time: series data
Decmber 1994 Tocvahmic he icidemce do e conducid ssmun enropy mehod (MEM)spcen sy,
A in the
alyss and cbuaned a 3-Simensions spectl amay
iy (PSD) obained frem MEM sl sy, we deniiod 3
e seies nalysis evesld it the

hese sa-called intevepdemic periods have long

which is usefis i investigating the persodicities of shorier time serics, such as that o the incideoce data

presean seady. We slso conducted # s

olts: Base) cn the resulls of power spectral o
Deriodic modes s the interepidemic periods of the lncideace data. Segy
amonn of amplitude of the interepidemic periods increased during the occurence of influenza pandemics and

Belivior of the imerpidammic periods of influeea epdemics
se respanses

formed da

Jun-S:

Modeling of Correlated Data:

Motiv ation

= Degree of “similarity” may help with prediction!

= Lyme disease incidence rates more similar in closer neighborhoods
Incidence rates of flu more similar within “short” time periods
Incidence rates of flu with similar seasonal patterns (e.g. Winter) across

.
years

= Happiness rates more similar from individuals within the same
communities

.




Hierarchical Model
Example:

= Goal:
= Study the effectiveness of cardiac treatments

@ @ @ Survival probability
@ @ 0 Responses in hospitals

Independent Data
(Separate analysis using data from each study)

Hierarchical Model
Example:

= Goal:
= Study the effectiveness of cardiac treatments

@ @ @ Survival probability
@ @ @ Responses in hospitals

It may be reasonable to expect that estimates of 65 s, which represent a
sample of hospitals, should be related to each other: 0;~ n(¢), j=1,...,J.

Hierarchical Model
Example:

= Goal:
= Study the effectiv eness of cardiac treatments

@ @ @ Survival probability
@ @ @ Responses in hospitals

This implies, marginally, correlation between observations!




Hierarchical Model
Example:
= Goal:
= Study the effectiveness of cardiac treatments

= 6j: survival probability for patients in hospital j
= ¢ : overall survival probability

= Inference:
= Estimate 0 s borrowing strength of information from all other hospitals
= Estimate ¢ taking into account the variability among hospitals

40

Hierarchical Model:
Exchangeability

= Definition: Yy, ..., Y, are judged exchangeable if the
probability P(Yy, ..., Y) is unaffected by permutations of
the labels attached to the variables.

= Example:

IfP(Y1,Y2,Y3)=P(Y2,Y1,Y3)=P(Y2,Y3Y1)=
=P(Y1,Y3,Y2)=P(Y3,Y,Y2)=
=P(Y3,Y2,Y1)

we would judge Y1,Y2,Y3
exchangeable!

41

Hierarchical Model:
Exchangeability

= Note:

= Aninfinite sequence of random variables Ys, Y, ... is
exchangeable if any finite subsequence is exchangeable.

= Independence implies exchangeability , but not conversely !
Thatis, independence is a stronger assumption than
exchangeability .

42




Hierarchical Model:
Exchangeability

Total |0.10 {0.90 |1.00

If two random variables Y; and Y,

are independent then they are 0 005 005 0 10

exchangeable, but exchangeability

does not imply independence... 1 0.05 (0.85 (0.90
Total [0.10 ]0.90 1.00*

Hierarchical Model:
Exchangeability

= Checking exchangeability could be difficult if we had to
assess the probabilities of all permutations

= We can bypass this with a nice result...

44

Hierarchical Model:

Exchangeability: De Finetti's theorem

= For all infinite sequences of exchangeable random binary variables {Yy, Y2,
...}, there corresponds a distribution function F on (0,1) such that for all n and
k<n,

Pltk.n=k)] = [6"(1-0)~ dF (0)

= What is “cool” about this?
= Justifies the Bayesian approach:

« If one is wiling to assume that a collection of 0-1 variables is exchangeable, then one is
prepared to re-phrase the model into a sampling Bernoulli model with success probability®
that is itself random with probability distribution F (the prior).

= The theorem does not tell us anything about what the distribution F should be!

¥

45




Hierarchical Model:
Exchangeability: De Finetti's theorem

Representation:

(Y1,...,Yn) exchangeable

46

Hierarchical Model:

Exercise (back to example)

= Where would we assume exchangeability?

@ @ @ Survival probability
@ @ @ Responses in hospitals

47

Hierarchical Models
inition:
= A Bayesian Hierarchical model is a statistical model (f(x| 6),
7(0)) where the prior distribution =(0) is decomposed into
conditional distributions
m1(0]01), 72(01]02), ..., T(On-1]On)
and a marginal distribution mn+1(0s) such that
7(0)=[m1(0]01), ©2(01]02), ..., T(On-1]6n) Tns1(On) dO1... Oy

Parameters 0; are called hy perparameters of leveli

= Higherlevel of hierarchy assumes know n hy perparameters.

= Difficult to check propriety of posteriors with improper priors
= Proper distributions which are almost vague can also approach impropriety with undesirable
modeling resuits
Sensitivity analysis is very important in hierarchical madeling

48




Hierarchical Models

Approach to building complex models by specifying a series of conditional
distributions

Parameters in the model can be regarded as related or connected in some
way by the structure of the problem

Typically data have multi-level/hierarchical structure (observational units
grouped into larger units)
= Example: students are grouped into classes, which are grouped into schools, which
are grouped by districts...
= Llevels of inference dependent on scientific questions of interest
= Example: Multi-center clinical trial
. Magnitude of an “average” treatment effect?
= Magnitude of treatment effect ineach center?
- Amount of variation of the effect across centers?

49

Motivating example: HARVEST study

= We will use data fromthe HARVEST study to explore the use of INLA to estimate
parameters in a hierarchical regression model

= Data are from 214 participants ina study of ambulatory blood pressure monitoring.
Participants with suspected hypertension wore an ambuatory monitoring device for 24
hours to assess blood pressure onthree occasions over the course of 5 morths

https://raw.githubisercontent.com/rhubly/ SISCR201 7/master/data/harvest.csv
= The data setincludes the following variables

ID: study id

Month: 1 = baseline, 3 = 3 month assessment, 5 = 5 month assessment

Smoke: number dgarettes smoked per day (0 = nonsmoker, 1 = 1-5, 2 = 6-10, 3 = 11-20)
Sport: 0 = sedentary, 1 = light actiity, 2 = non-competitive sports, 3 = competitive sports
SBP: systolic blood pressure (continuous)

DBP: diastolic blood pressure (continuous)

HR: heart rate (continuous)

Age: age in years at baseline (continuous)

BMI: body mass index at baseline (continuous)

Male: male = 1, female = 0

Motivating example: HARVEST study

= We would like to study the association between age, BMI, activity level, and diastolic
blood pressure

= However, since multiple measurements are available for each subject it is necessary to
account for correlationamong DBP measures made for the same participant

— Sedentary
ctive
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Hierarchical Modelfor HAREST stude

= Lety,= DBP for patient k at time t

° Population mean DBP

@ @ @ Mean DBP for patient k
@ @@ @@@ @@@ DBP for patient k at time t

Motivating example: HARVEST study

> hanest <- read.csv('https://raw.githubusercartent. con/rhibb/SISCRR017Master/datahanest csv™,
header = T, nastrings = ".")
> summary(arwest[,c('SBP","DBP", "Age" "BMI", “Male")])

sBP DBP Age a1l

Min. :100.1 Min. : .23 Min. :16.00 Min. :14.53
1st Q.:123.9 © 77.92  Ist Qu.:%5.00 1st Qu.:22.85
Median :130.2 81.97 ledian :3B.00 Median :24.87
Mean :131.1 :125.36
3rd Q.:137.8 L:27.51
Max. :169.2 :47.80
NA's 1296 48

2
g

1 2 3

Number of DBP measures 53

Motivating example: HARVEST study

>mod <- inla@EP ~ factor(Sport) + Age + BMI + F(ID, madel
> sunmary (ned)

y="gaussian”, data = harvest)

cali:

cCtinla(formula = DB ~ factor(Sport) + Age + BMI + F(ID, model = \"iid\"), *, *  family = \"gaussian\",
data = harvest)™)

Tine used:
Pre-processing  Ruming inla Postpracessing Total
0.689 0.6137 o.0748 137
Fixed effects
nean 1 0.02Sqent 0.5qumant 0.9%qent  nade KId
(ntercept)  70.0616 207 73.502 79.0525  83.5726 79.0644 0
Tctor(por)l 10735 14128 47531 19725  0.7%82 1.9705 0
factor(Sport)2 -2.9389 1.5057 -5.8948 -2.9402 0.0208 -2.9426 0
factor(Sport)3 -4.5822 1.8989 -8.3137 -4.5825 -0.8530 -4.5829 0 el
ge 0.1617 0.0607 0.0424 0.1617 0.2809 0.1617 0 Precision of DBP across
B 0080 0.0700 0226 -0.085  0.05 0.080 0 participants
Randon effocts:
Neme Model
1 natel
logel hyperparareters:
mean sd 0.025quant 0.5quant 0.975quant
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Markov Chain Monte Carlo (MCMC)
(Implementation via JAGS)

"
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MCMC algorithms

= Class of algorithms to sample from a target probability distribution
Construct a Markov chain for which the target distribution is its equilibrium
distribution

Allow for sampling of the target distribution by observing the chain after a
number of steps (burn-in)

= There are many MCMC algorithms
Gibbs Sampler

Metropolis Hastings

Hybrid MCMC

Adaptive MCMC

Slice Sampler

Reversible Jump MCMC (RIMCMC)
Particle filters

= Only discussing the simplest algorithm

< — Gibbs Sampling
(with two differen
starting points)

=

SIGMA
0




Gibbs Sampling

= Derive full conditional distributions (distribution of each
parameter conditional on all other parameters and
data): [6,160_]

= Algorithm:
1. Setstarting values (910,....,19:)
2. Iteration i

. oraw 0 A10,1657,...0(™] Full conditionals
. praw 05 ~10,10°,017,.....607"]

. praw 07 416,16.69.....621
3. Repeatstep 1. Aftertiterations obtain

&

= Theorem:

D
©6",....0")=10,,....0,] as t >

Gibbs Sampling

= Note:
= Youshould be able to sample from the full conditionals.

= If the full conditional is not in closed form, may need to use other
algorithms (beyond the scope of today’s lecture)...

= Insome problems, full conditionals are also complex...

Example 3:

Normal model with noninformative priors

Let ¥, ~ N(u,0%),i =1,..,n and n(y,0*) xo™?
We have:
Iy fu)z}

n
n(p,a% ly) « a’z(rl)exp{
20?

Let 7= ¢~ One can show

; _a
m(ulo® y) = N (y,7>
(b -w?
20— )

n
n(zlu,y) = Gamma ( E+ Z,T




Example 3:

Normal model with noninformative priors

## Simulate Data ###########HH#HHHUHHHHE
data.sim <- function(N=1000, mu=0, sigma2=.5){
y = morm(N, mu, sqrt(sigma2))
return(y)

## Main program (GIBBS) ##########
y = data.sim(N=100, mu=0, sigma2=0.5)

# length of chain
M = 1000

# matrix that stores all posterior samples
post =matrix(0, M, 2)

## Full conditionals i
fc.mu <- function(y, sigma2=0.1){
mu = rnorm(1, mean(y), sqrt(sigma2/length(y)))
return(mu)

fc.sigma2 <- function(y, mu=0X
tau = rgamma(1, (length(y)/2)+2, rate=sum((y-mu)"2)/2)
sigma2= 1/tau
return(sigma2)

dimr post[[2]]= c("'mu’, “sigma2")
# initial values
mu =4
sigma2=1
for (iin 1:MYX
mu post[i, 1] = fc.mu(y, sigma2)

sigma2 = post([i,2] = fc.sigma2(y, mu)

## Plot trace-plots & acf & density
par(mfrow=c(2,3))

for (iin 1:2){

plot(post[1:100, ], type="")
acf(post[1:100,i])

hist(post[1:100,i], prob=T, col=0)
lines(density(post[1:100,i]), col=2, lwd=4)

Example 3:
Normal model with noninformative pi

Series : post[1:100,

riors
il

& Gibbs Sampling

2 o o0 o1 o0z

5
f—
Series : post[1:100, i]
\ Ll B
[l T l[
8
fan—

First 100 iterations...

Example 3:

Series : post] - c(1:100), ]

Normal model with noninformative priors

& Gibbs Sampling

Series : post] - c(1:100), i]

> apply(post[-c(1:100),1,2,summary) ~“

u igna2
Min. -0.254702905 0.35954
1st Qu. -0.048932795 0.4702053 > apply(post[-c(1:100),],2, quantile, ¢(0.025,0.975)
Median -0.001961042 0.5103874 mu signaz
Mean 0.001535104 0.5181564 2.5% -0.1354625 0.3987192
3rd Qu. 0.054810665 0.5604048 97.5% 0.1423376 0.6888362 63
0.8645260




Example 3:

Normal model with noninformative priors

= Prediction of a new observation

= Inthis model, the posterior predictiv e distribution is a
Student-t with (n-1) d s of freedom, location at the
sample mean, scale s\/1+ !/,

= Analytical results not alway s available. What to do?
= Recall

P(Yypy | Data)= [ P(Y,y, | Data,0)P(6| Data)d®
= [ P(Yyzy |O)P(0| Data)dé

= Can get samples from predictiv e distribution:
= Draw samples Yyew given a posterior sample of the parameters

Example 3:

Normal model with noninformative priors

= Prediction of a new observation
= Using simulation draws

Histogram of ynew

post = post[-c(1:100), ] g
nsamples = nrow(post)

ynew = rnorm(nsamples, post[,1], sqrt(post[,2]))
hist(ynew) g

3 2 ' o ' 2

wou

> summary(ynew)
Min. 1stQu. Median  Mean 3rdQu. Max. g5
-2.750000 -0.451100 -0.006216 0.009239 0.477600 2.135000

MCMC methods

= Implementing your own MCMC can be challenging!

= A large variety of models can be implemented in
Bugs/Winbugs/Jags
= “"Black-Box”
= You will not need to derive full conditionals
= You will not need to decide on MCMC samplers
= Input:
= Likelihood
= Priors
= [Define any quantity of interest (e.g. Odds Ratio, etc)]
= Output

= Posterior samples




Jags (Just Another Gibbs Sampler)
ebsite:
http://mcmc-jags.sourceforge.net

Eor MAC: htt,
= Very similar to WinBUGS (with a few differences)
= Goals/features:
= Cross-platform engine for the BUGS language
= Extensible, allowing users to write their ow n functions,
distributions and samplers.
= Platform for experimentation with ideas in Bay esian
modelling
= Packages:
= rjags: Allowsyou to run Jags from within R
= coda: Allowsyou to perform conv ergence diagnosis

ts/manc-iags/files/JAGS/3./MacQ
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Noe T TowerUpper
Beta d a5 0 1
Wm0 b50
Chisqunre dehisgr (k) [
k>0
adexp (o, tau)
>0
dexp(lasbda) 0
A>0
¥ afn,n) 0
nabms0
Gamma  dgasna(r, lasbda) [
A0 r 50
Generalized  dgen. gasma(r, 1anbda,b) v
anma A0 b0 >0
Logstic  dlogis(mu, tau)
r20
Lognormal — dleors (su, tau) o
Po0
Noncenteal  dnchisge(k, delts) [
Chisque k> 0,820
Nommal  dnors (su, tau)
>0
Parcto dpar(alpha, o} .
Studen {
Uniform . b
ach
Weilnll  dveiblr, Lasbdn) o ” o
T e exp(—Ae")
Table 6.1: Univariate realvahusd distribrstions in the bugs modle 68
o e Doty Lows  Upper
: etabints, b, @ r— T ™
binorminl a0 00 e N y
Hernoulli dbern(p) . o 1
P #ll-p)
Binon n o o "
(1 = pr
1 N
dhyper(nt 2,21, psi) -
tric 0. g, 0<my <0y
daeg 0
<p<lrx
dpoin(laxbda) 0
As0
Tuble 6.2: Discrete univarinte distributions in the bags modale
N T ity
Dirichibot p - ddirchialpha)
20
Multvwriate x ~ dunorm(mu,Onega)
normal 2 pa it
Wishart  Omega - dwish(Rk)
Rpxppos. del k2> p
Multivariate x - dat (au,Onega, k) 3
Student t Q pos. ded.
Multinomial x * daulti(pi, u)
¥
69

Table 6.3 Multivariste distributions in te bags module




Link function

Description Tiverse

cloglogly) <~ x Complementary log log 0 <y <1y < icloglog(x)

Log(y) <= x
logit(y) <=
probit(y) <

Function
inprod(x1,x2)

Log O<y y <= exp(x}
x Logit O<y<l y<- ilogit(x)
- % Probit D<y<1 y < phi(x)
Table Link funetions in the bugs module
Descr Re fons
Inner product Dimensions of r1, z2 conform

interp.lin(e,v1,v2) Linear Interpolation e scalar
vl v2 conforming vectors
logdet (m) Log determinant m is a symmetric positive definite mat
max(x1,x2,...) Maximum element among all arguments
mean(x) Mean of clements of »
min(x1,x2, Minimum element among all arguments
prod(x) roduct
sum(x) Sum of elen
sd(x) Standard deviation of elements of
Table 5.5: Scalar-valued functions with general arguments in the bugs module
Usage Description Restrictions

inverse(a) Matrix inverse

A symmetric positive definite matrix

rank(v) Ranks of elements of v
order (v}
sort(v)
t(a) Iranspose a is a matrix
a %*h b Matrix multiplication a.b conforming vector or matrices
Table 5.6: Vector- or matrix-valued functions in the bugs module 70
Example 1: using jags
Code saved in a text file
model{ (in this case, examplel.jag)
## define likelihood of observations
for (iin 1:n){
y[i] ~ dnorm(mu, tausq)
b
## define priors
mu ~ dnorm(0.0, 0.0001)
tausq <- 1/sigmasq
sigmasq ~ dunif(0,100)
X
71

Examp

## simulate data

data.sim <- functi
y = rnorn(N, mu,
return(y)

## true values for simu

n <- 100
me <-0
signasg<- 5

## simulated data
set.seed(1)
y <- data.sim(N=n,

## load libraries
library(coda)
library(rjags)

le 1: using jags

on(N=1000, mu=0, signa2=.5){
sart(signaz))

mu=mu, sigma2=sigmasq)

## now prepare data for Jags

data <- list(y=y.

values

n=n)

st(nu=0, sigmasq=1)




Example 1: using jags

## define jags model within R
Jjags.m <- jags.model (file="examplel.jag", data=data,
n.chains=2, n.adapt=500)

## specify paraneters to be monitored
parans <- c('mu","signasq")

## run jags and save posterior samples

samps <- coda.samples(jags.m, params, n.iter=10000)

## sumnarize posterior samples
summary(samps)

summary (window(sanps, staf
plot(sanps)

1000))
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Example 1: using jags
> Jag&m < jags.model(file="exanplel.jag”, data=data, initssinits, n.chains=, n.adgt=50)
odel graph
undedared variables
Al Iucaung nodes
Grazh Size: 108
alizing model
| 100%
> w ecify parareters to be mnitored
> parans < c('mu*,"sigmasq")
> ## wn jags and save posterior sanples
> samps <- coca.sanples(jags.m, params, n.iter=10000)
100%
> #z unmarize posterior sanples !
> summary(samps)
Iterations = 5)1:10500
Thinning interval = 1
Number of chains = 2
sample siz per cha 1000
1. Empirical mean and standard deviatim for each variable,
pls svandard error of the
SD Naive SE TINBSEI’IES SE
mu 0.2A17 0.257 0.001454 0.001454
sigmasy 4.2044 0.6123 0.004329 0.005847
2. Quantiles for each variale:
2.56 25% 506 75% 97.5%
mu -0.15% 0.1037 0.243 0.3812 0.6408
sigmasy 3.167 3.7724 4.1% 4.5722 5.553
74

Example 1: using jags

> sumrary@incw(sanps, start=1000))

Iterations =

9
Number o chains = 2
sample siz per chai

1. Empirical nean and standard devlatlm for each variable,

plis standard error of the S— o
Mean ive SE Timeseries & s
0.242 0.2(57 0.00142 0.00142
Signasy 4207 0.6138 000453 0.0061%8

2. Quantiles for each varial

2.8 25%  S% 79 97.5%
mu -0.1594 0.1034 0.2434 0.3815 0.6401
signasy 3.1672 3.7730 4.186 4.5748 5.5636 w0 o e wxo

Trace of sgmasa




Convergence Diagnostics Methods

= Brooks, Gelman & Rubin

= Two or more parallel chains (different starting values)

« Comparison of within and between chain variance for each variable using the second half
of chains
“Rule-of-thumb”:  Samples are considered to arise from the stationary ditribution i
estimates are approximately equal to 1 (0.975 quantile is less than or equal to 1.2)

= Geweke
= Individual = chain
= Chain divided in two “windows” - comparison of the mean of sampled values in the first
window to the mean in the second window
- “Rul thumb”:  Lack of c e if p-values < 0.05

Convergence Diagnostics Methods

= Heidelberger and Welch

Individual  chains

Based on Brownian bridge theory and uses Cramer-von-Mises statistic

Repeatedly discards 10% of iterations until the chain passes the test, or more than 50%
of the iterations have been discarded

«  “Rule-of-Thumb”: Failure of the chain to pass the test indicates that a longer run is

= Raftery and Lewis
=« Individual chains
«  “Rule-of-Thumb”: Dependence factors greater than 5 indicate lack of convergence

‘Atcecmelation

Example 1: using jags

autocg*'{.plot(samps) sigmas
2 2 gelman.diag(samps)
w« a | Potential scale reduction factors:
© ° Point est. Upper C. 1.
E ER mu
8 a sigmasq 1 1
E 2 Multivariate psrf

b5 15 B 3B as 15 25 35 1

Lsa L

- gelman.plot(samps) —

median
97.5%

median
87.5%

1.005
shank factor

10 11 12 123 14

0.995

2000 6000 10000 2000 6000 10000

last itecation in chain last Heraton in chain 78




Example 1: using jags

geweke.diag(samps)

[

Fraction in 1st window

Fraction in 2nd window
mu sigmasq

-0.4963 -0.6335

1

Fraction in 1st window
Fraction in 2nd window

mu sigmasq
-0.2554 0.2781

raftery.diag(samps)
[

Quan (a) = 0.025
r) = +/- 0.005

) =
ty (s) = 0.95

Burn-in Total Lower bound
an ) (Nmin)
mu 2 3865 3746
signasq 4 5299 3746
(a) = 0.025

Probability (s) = 0.95
gurn-in Total Lower bound
(O] ) - (Nmin)
nu 2 3771 3746
signasq 4 5210 3746

Dependence
factor (1)
1.03
1.41

Dependence
factor (1)
1.01
1.39

79
heidel.diag(samps)
[
Stationarity start p-value
est iteration
mu passed 1 0.503
sigmasq passed 0.533
Halfwidth Mean Halfwidth
test
mu assed  0.242 0.0040
sigmasq passed 4.210 0.0158
[ren
Stationarity start p-value
test iteration
mu assed 1 0.563
sigmasq passed 0.259
Halfwidth Mean Halfwidth
test
mu passed  0.241 0.00406
sigmasq passed 4.199 0.01658
80

Example 1: using jags

Posterior predictive distribution

## adding observation at last position for prediction (value is missing with NA)

y < oy, NA

n <~ length(y)
data < list(yy
inits <- listQu:
Jjags.m <- jags.moce
parans <- t("m"

n=n)

samps <- wda sanplesags.m, mrars, n

sunmary (sanps)

), sigmasgel)
file="bxarplel. jag', cata<data, inits
v

er=2000)




> summary(samps)

Iterations = 51:2500
Thinning interval = 1
Number of cl
sample siz pa' e

2

= 200

1.

Em
plis standard error of the rean

Example 1: using jags

Posterior predictive distribution

iricaal mean and standard dsvlatlm for each variable,

SD Naive SE Time-series
0.0032

an

0.243185 0.2086 0.003219
Signasy 4150116 076070 0.00987
y[1]  -1.400793 0.0000 0.000000
yi21 0410539 00000 0.000000
y[3]  -1.86822 0.0000 0.000000

03219
0.0129%
0.00000
0.00000
0.00000

[Fi101] 0:297378 20684 0.032704

0.083291

2. Quantiles for each varial

2.5% 25% D%

-0.153727 0.111128 0.24286

sl masy 3.18236 3.764582 4.134646
y[1]  -1.400793 -1.400793 -1.40073

75% 97.5h
0.374422 0.64168L
4.580882 5.517943
-1.400793 -1.40078
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B bt o e Gt w0 s
o read FEY data e
data = read.table(" https -/ raw ubus erco ntent .« m/ﬁuhb/slyzﬂﬂ/mster/ﬂ“a/'w o,
col .nanes=c ('seqrbr”, "subjid”, “age”, “fev, 't s, "snoke"))
## now prepare data for Jags
P o e i st . ), sroke=t (@ .
inits < (beta=rep (0,3) masq =1)
e cetine jogs model ®
model < jags. mode I(fi le="fev.jag" untrudn‘maﬂ inits=inits, n.chains=2, n. adap t=500)
parars <~ "beta’
fev.post Plaids sampl es(rodel, parars, n.iter=10000)
# e 22 pste rior sap les
sumar y(fe v.po st)
plot(fev.post) mudelé
## défine likelihoad of cbservations
1 omergee s = o
i pib Vo Wi ~dnarmmu], tausq)
heidel .diag(fev.post) ) mufi] <-beta[1] +beta[2]*smoke[i] + bete[ 3]*age(i]
## deine priors
for (iin13)1
) betali] ~ drom(0, 0.0001)
ausq <- /s
s\gmasq mnf(qm)
## deriving quantities of interest (ratics of geometiic meas|
for (iin 12){
) ratiogn(i] <- ep(tetafi+1])
3
83

> summary(fev.post)

Iterations = 91:10500
Thinning interval = 1

Number of chains = 2

sample siz per cfain = 10000

Analyzing the FEV Data Set with Jags

1. Empirical mean and standard deviation for each variable,
plts standard error of the fean:

Mean SD Naive SE Time-series SE
beta[]  0.8441 0.18043 1.%83e-04 9.3®e-04
beta[7]  0.08997 0.Q9832 2.109e-04 1.004e-03
beta[3] 0.0078 0.003063 2.166e-05 4.4%6e-05
ratiogn[1] 1.09463 0.(32622 2.37e-04 1.0%e-03
ratiogn[2] 1.09503 0.(3354 2.371e-05 4.8%e-05
sigmagy ~ 0.01469 0.M2473 1.749e-05 2.18le-05

2. Quantiles for each variale:

2.5% 25% 50% 75%  97.5%
beta[l]  0.78038 0.81522 0.83130 0.85315 0.8D11
beta[2] 0.08107 0.07004 0.0903 0.11047 0.14729

3] 0.08472 0.08872 0.09077 0.0®85 0.0%78
gn[1] 1.08156 1.07255 1.09120 1.11680 1.15869
] 1.08841 1.09277 1.09502 1.09730 1.10162

0.04010 0.04297 0.04462 0.04632 0.0872

g [2.
slgmasq
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Meta-analysis

85

Efficacy of BCG Vaccine
in the Prevention of Tuberculosis
[Meca-araiysls of ihe Putlened Lisahss Objective.—To quantify the efficacy of BCG vaccine against tuberculosis (T!
- = we Data Sources.—MEDLINE with indax terms BCG vaccine, tubercuiosis, and
human. Expef the Centers for Dissase Control and Prevention and the World
Health Organization, among others, provided lists of all known studies.
ﬂuwmum—ﬂmld 1264 articles or abstracts were reviewed for delails
BCG and TB out-
eome 7Den-deswereweunaew\rof method of vaccine allocation used 1o
groups, equal and follow-up for recipient and con-
q.l'ran! control groups, and outcome measures of TH cases and/or deaths. Four-
trials and 12 case-control studies were inciudad in the analysis
Dm Extraction.—We recorded study design, age range of study population,
mmbcrulpnhm:amulud efficacy of vaccine, and flems lo assess the potential

dala and evaluated uddq«

~—The relative risk (RR) or odds ratia (OR) of TB provided the
meeaumumdmurfucymtmwmdmepmem“shnm-
puted by 1-RR or 1-OR. A random-effects model estimated a weighted average
RR or OR from those provided by the trials or case-control studies. In the trials, the.
AR of TB was 0.49 (35% confidence interval [CI], 0.34 to 0.70) for vaccine recipi-
‘ents compared with nonrecipients (protective effect of 51%). In the case-control
studies, the OR for TB was 0.50 (95% Ci, 0.39 10 0.64), or a 50% protactive effect.
Seven trials reporting tuberculous deaths showed a prolective effect from BCG
wvaccine of 71% (AR, 0.29; 95% Cl, 0.16 to 0.53), and five studies reporting on
meningitis showed a protective effect from BCG vaccine of 64% (OR, 0.36;
96% Cl, 0.1810 0.70). Geographic latituda of the study site and study valdity score
axplained 66% of the heterogeneity among trials in a random-effects regression

model,

Conelusion.—On average, BCG vacoine significantly reduces the risk of TB by
50%. Protection s observed across many populations, study designs, and foms:
of TB. Age at vaccination did nat enhance predictiveness.of BCG efficacy. Protec-
tion against tuberculous death, meningitis, and disseminated disease is higher than
for total TB cases, although this result may reflect reduced error in disease clas-
sification rather than greater BCG efficacy.

(JAMA_1904:271:608-708)

Table 1.—Aspor i B0G Vaccne o Tubsrculosis (TB) and T8 Deatn That Wers Lissd in the
Meta analysis®
FPopulation Cases of TB TB Death
Source, y IBW HDBG!II Im Mo BCG l!l BCG Mo BCG. RR

vanson ™ 19481 23 ) 0 0 ot o 0 Tia
ergisan i Simes 1595 £ s 7 0z z 0 (]
Raserinal o 2% 19605 51 ) 7 028 0 3 o1z
Hart and Suthedand.* 1977 13 508 12 887 &2 248 024
Fimodi Mol ot i 1973 500 508 [ [

tein and Aransen,* 1083 1841 1481 180 2 048
Vandivers ot 3% 1973 2545 ) & 0 0z
Wacres. 19904 e CE 505 ) o1

Coatzis s Barar ™ 19681 7490 T = s [T -

Acsaninal o 3% 19611 e =3 i [ 025 3 0 X
Cormaloc ot l,” 1974 EL 7738 5 Tai 071 0 2 0%
Comstock and Webser * 19698 a0 2041 3 3 156
Comatock ot = 19768 6913 7064 P E) 098 - -
‘Aronson et . 1988~ 81 Tas1 . . 13 o ]
Laving ona Gacket, 154811 566 ) . ) o 058
Ovaral R (357% confsance nmena) 0.48 {0.34070) 02 16053

"R ircicales raialive sk, Ellpses indcata cata rol reparied

s

§0wniopa cn 7&yen o sp fares st W sk 1 opulaton e because Py i

#nu.mnmmmmn o 1o et o sahe 828

#Folcw 5 arle izes ware 1ot reparied. We sseued flowp wes comparaie 1 BCG and o BCG roups.
‘o1 deaina is based an the same ial as Sisin and Aranson.
HDetn sher 1308 ecroomart
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Systematic Reviews and Meta-Analysis

= Motivation:

= Many individual clinical trials are not large enough to answer
the questions of interest reliably

= Solutions
= Advocacy forlarge trials
= Not always feasible
= Informal evidence sy nthesis from different studies
= Possibility of biased selection of evidence
= Formal sy stematic review

Systematic Reviews and Meta-Analysis

= Goals of Systematic Reviews:

Toreview sy stematically the av ailable evidence from a
particular research area

To provide quantitative summaries of the results from each
study

To combine the results across studies if appropriate; such
combination of results leads to greater statistical powerin
estimating treatment effects

To asses the amount of v ariability betw een studies

To estimate the degree of benefit associated with a particular
study treatment

To identify study characteristics associated with particularly
effectiv e treatments.

Systematic Reviews and Meta-Analysis

= Components of Systematic Reviews:

= Qualitative:

= Description of available trials in terms of relevance and methodological
strengths and weaknesses

= Quantitative
= Means of combining results from different studies
= This isknown as Meta-Analysis

= Critical Step:
= Study selection
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Systematic Reviews and Meta-Analysis

= Statistical Methodology

= Fixed effects models

= Each individual study used to estimate a common, unknown, overall
pooled effect

= Random effects models
= Each individual study has its own underlying effect, which inturn are
used to estimated a common population effect.
= Accounts for two sources of heterogeneity:
Within-study heterogeneity
Between-study heterogeneity
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i Systematic Reviews and Meta-Analysis

Data: Y, = +g6;,i=1,...,k; ¢,~N(0,1)

ZiWYi

Pooled Effect: ¥ = s

)
i Wi

Fixed-effects Model (Mantel-Haenszel):
1

Wi:ﬁ

i

Random-effects Model (DerSimonian-Laird):
Assume y; ~ N(u, 72)

W;

1

SR+
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i Systematic Reviews and Meta-Analysis

= Heterogeneity is very likely in meta-analysis
= Many possible sources of heterogeneity

= Estimating how these v arious factors affect the effect size is
often of considerable interest and importance
= Meta-regression!
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Efficacy of BCG Vaccine
in the Prevention of Tuberculosis

BCG Exam p |e Meta-analysis of the Published Literature

= Bacille Calmette Guerin (BCG)
= Mostwidely used vaccine against tuberculosis (TBC)

= Expanded Data: publicly available in R
= 13 clinical trials of BCG inv estigating efficacy in the treatment
of tuberculosis
= Number of subjects with TB with our without BCG vaccination
= Heterogeneity among trials may be explained by geographic
location and year

» Efficacy measure: Odds Ratio (OR)

94

BCG Example

= Data:

trial author year tpos tneg cpos cneg ablat alloc
1 Aronson 1948 4 119 11 128 44 random
2 Ferguson & Simes 1949 6 300 29 274 55 random
3 Rosenthal et al 1960 3 228 11 209 42 random
4 Hart & Sutherland 1977 62 13536 248 12619 52 random
5 Frimodt-NMoller et al 1973 33 5036 47 5761 13 altemate
6 Stein & Aronson 1953 180 1361 372 1079 44 altemate
7 Vandiviere et al 1973 8 2537 10 619 19 random
8 TPT Madras 1980 505 87886 499 87892 13 random
9 Coetzee & Berjak 1968 29 7470 45 7232 27 random
10 Rosenthal et al 1961 17 169 65 1600 42 systematic
11 Comstock et al 1974 186 50448 141 27197

12 Comstock & Webster 1969 5 2493 3 2338

13 Comstock et al 1976 27 16886 29 17825

= The 13 studies provide data in terms of 2x2 tables in the form:

| TB nositi I8
=

)
vaccinated group | tpos tneg
control group cpos cneg
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BCG Example

## NMeta-Analysis
library(metafor)

## load data
data(dat.bcg)

# Part A: frequentist analysis

##-- meta-analysis of the log odds ratio
res.fe <- rma.mh(measure="
slab=paste(author, year, sep=", "))

### forest plot of the observed odds ratio with summary estinate
forest(res.fe, atransf=exp, xlin=c(-7.,5), ylin=c(-2.5,16))

ing the Mantel-Haenszel method
tneg, ci=cpos, di=cneg, data=dat.bcg,

#4-- meta-analysis of the log odds ratio using a random-effects model
res.re <- rma(measure="OR", ai=tpos, neg, ci=cpos, di=cneg, data=dat .bcg,
slab=paste(author, year, sep=", "))
### add summary estimate from the random-effects model to forest plot
addpoly(res.re, atransf=exp)

### forest plot of the observed odds ratio with summary estimate
forest(res.re, atransf=exp, xlim=c(-7,5), ylin=c(-2.5,16))
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BCG Example (A): Standard Meta-Analysis

Mantel-Haenszel

> res.fe

Fixed-Effects Model (k = 13)

Test for Heterogeneity:
Q(df = 12) = 163.9426, p-val < .0001

Model Results (log scale):

estimate se zval pval ci.lb ci.ub
-0.4734  0.0410 -11.5444 <.0001 -0.5538 -0.3930

Model Results (OR scale):

estimate ci.lb ci.ub
0.6229 0.5748  0.6750

Cochran-Mantel-Haenszel Test:  CMH
Tarone's Test for Heterogeneity: X"2

135.6889, df = 1, p-val < .0001
171.7567, df = 12, p-val < .0001
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BCG Example (A): Standard Meta-Analysis
Mantel-Haenszel

Aronson, 1948 —_— 0.39[0.12,1.26]

Ferguson & Simes, 1949 . . ' 0.19[0.08,048]

Rosenthal et al, 1980 0.25[0.07,091]

Hart & Sutherland, 1977 R 0.23[0.18,0.31]
Frimodt-Moller et al, 1973 [ 0.80[0.51,1.26]

Stein & Aronson, 1953 - 038[0.32,047)
Vandiviere et al, 1973 - 0.20[0.08,0.50]

TPT Madras, 1880 - 1.01[088,1.15]

Coetzee & Berjak, 1068 fa— 0.62(0.39,1.00]

Rosenthal et al, 1961 .- 0.25[0.14, 042 ]

Comstock et al, 1974 . 071[0.57 .088]

Comstock & Webster, 1969 + — 1.56 [ 0.37 ,6.55]

Comstock et al, 1976 —— 0.88[0.58,1.66 ]

FE Model . 0.62|0.57 ,068]

005 014 037 100 272 739
Odds Ratio (log scale)
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BCG Example (A): Standard Meta-Analysis

DerSimonian-Laird

> res.re
Random-Effects Model (k = 13; tau’2 estimator: REML)

taur2 (estimated amount of total heterogeneity): 0.3378 (SE = 0.1784)
tau (square root of estimated tau"2 val 0.5812
1°2 (total heterogeneity / total variability): 92.07%
HA2 (total variability / sampling variability): 12.61

Test for Heterogeneity:
Q(df = 12) = 163.1649, p-val < .0001

Model Results:

1b ci.ub
8 -0.3806 il

estinate se  zval pval
-0.7452  0.1860 -4.0057 <.0001 -1.

Signif. codes: 0 “***7 0.001 “*** 0.01 “** 0.05 “.” 0.1 * ~ 1

The heterogeneity test shows strong evidence of heterogeneity in the 13 t]'ials,'g9




BCG Example (A): Standard Meta-Analysis

DerSimonian-Laird

Aronson, 1948 0.39[0.12,1.26]
Ferguson & Simes, 1949 . - ' 0.19[0.08,048]
Rosenthal et al, 1980 0.25[007,091]
Hart & Sutherland, 1977 g 2 0.23[0.18,0.31]
Frimodt-Moller et al, 1973 —— D.80[0.51,1.26]
Stein & Aronson, 1953 L 2 0.38[0.32,047]
Vandiviere et al, 1973 —_— 0.20[0.08,0.50]
TPT Madras, 1980 [ ] 1.01[0.88,1.15]
Coetzee & Berjak, 1068 - 0.62(0.39,1.00]
Rosenthal et al, 1961 [ 0.25[0.14, 042 ]
Comstock et al, 1974 g 3 071[0.57 .088]
Comstock & Webster, 1969 + - 1.56 [ 0.37 ,6.55]
Comstock et al, 1976 —— 088|058 ,166]
RE Model —— 0.47[0.33,0868)

005 014 037 100 272 739
Odds Ratio (log scale)

100
### meta-regression
##-- calculate log odds ratios and corresponding sampling variances
dat <~ escalc(measure="OR", ai=tpos, bi=tneg, ci=cpos, di=cneg, data=dat .bcg)
head(dat)
### randon-effects model (output is the same as seen for res.re)
res <- rma(yi, vi, data=dat)
res
### average relative risk with 95% CI (this will give you the OR from combined
studies)
predict(res, transf=exp)
### meta-regression model with absolute latitude as moderator
res.nrl <- rma(yi, vi, mods = ~ ablat, data=dat)
res.mrl
101

BCG Example: Meta-Regression Analysis

> res.mrl

Mixed-Effects Model (k = 13; tau~2 estimator: RENL)

taun2 (estimated amount of residual heterogeneity): 0.0504 (SE = 0.0449)
tau (square root of estimated tau’2 value): 0.2246

172 (residual heterogen / unaccounted variab : 57.30%

HA2 (unaccounted variability / sampling variab 2.35

RA2 (amount of heterogeneity accounted for): 85.06%

Test for Residual Heterogeneity:
QE(df = 11) = 25.0954, p-val = 0.0088

Test of Moderators (coefficient(s) 2):  Some evidence that latitude is associated with
QM(df = 1) = 25.2424, p-val < .0001 observed effect size.

Model Results:

estimate se zval pval ci.lb ci.ub
intrcpt  0.3010 0.2146 1.4025 0.1608 -0.1197 0.7217
ablat -0.0315 0.0063 -5.0242 <.0001 -0.0438 -0.0192 ***

Signif. codes: 0 “**** 0.001 “*** 0.01 “*7 0.05 “.” 0.1 * * 1
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BCG Example (B): Bayesian Meta-Analysis

= We will consider several models and compare the
results

= First, we need to re-organize the data...

103
)

GatSY <= c(dat.begStpos, dat.bogScpos)
datsn < rep(in. 26)
AtSN[1:13] < dat.begStpos + dat.begStneg
datsN[14:26] < dat bogscpos + dat.begscneg
datsLatitude < rep(sat.begsanlat.2)
datsvear < rep(dat.begsyear. 2)
datScenteredvear = dat.bogsyear - mean(dat.begsyear)

- as.data. frane(dat)
seriat
10712345678 91011213 1234556 78 910111213
sgroup
[111111111111110000000000000
sy
[ 4 6 3 62 33180 8505 20 17185 5 27 11 20 1128 47372 1049 45 65 141 3 29
s
[1] 123 306 201 19598 5069 1541 2545 9391 7499 1716 50634 2498 16913 139 03 220 12867 5008 1451 629 B30
1221 7277 165 27338 2341 17854
statitude
[1] 44 55 42 52 13 44 19 13 27 42 18 33 33 44 55 42 52 13 44 19 13 2742 18 33 33
ScenteredLatitude
[1] 10.5304615 21.5304615 §.5304615 10.534615 -20.4515395 10.5B4GI5 -14.4515365 -20.4615305 -6.4615385  8.5B461S
[11] 1514615585 04615385 -0 4615385 10.5384615 21 5384615 B 5BASIS 15 5384615 20 4615385 10 538415 14485385
[21] 204615385 -6.4015395 55384615 -15.4015385 -0.461535 -0.4mS30S
svear
[1] 1948 1049 1960 1977 1973 1953 1073 1950 1965 1961 1974 1069 1976 B48 1049 1960 1977 1973 1953 1973 1980 1968 1961 1074 1969 1976
scenteredvear

18.230769 -17.230760 -6.230760 10.760231 6.760231 -13.230760 6.769231 13.769231 1760231 -5.230760 7769231
[12] 2769231  9.769231 -18.230769 -17.230769 -56.230769 10.769231 6.769231 -13.230769 6.769231 13769231 1769231
[25]1 5230760 7.769231 2.760231 . 760231
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logit(p,) = 6, + S Group,
Modell (B): 5 ~N(0,v)),j=1..13 B ~N(0,07)

(- -1+ Tactor(trial) + factor(group), datasdat, Nerialssi, fas
o)

inoniat)

3
mnary(;

can
CCintaCfornuta = ¥ - -1+ factor(trial) - factor(group). fanily data = dat, Nerats = 07
Tie used:
Pro-processing  Ruaning infa Post-processing Total
Fixed effects
nean  sd 0.02Squant 0.Squant 0.975quant mode Md
factor(trial)l -2.6017 0.2667  -3.1576 2.5005  -2.1088 2.5674 0
52 2lse23 01752 2.0403 2.5773  -2.2519 -2.5672 0
33 32226 02722 37921 -3.2103  2.7214 31881 0
4 412176 00895  -4.3362 -4.2071  -4.1022 -4.2159 0
factor(triahs -4.7097 0.1132  -4.9387 47074 4,493 -4.7027 0
6 112581 010508 13585 12570  _1.1500 12574 0O
37 48029 02302 -5.2989 -4.7931  -4.3622 -4.7729 0
38 49537 00356  -5.0241 40535 -
32 o
9 5.0772 0.1177  -5.3154 -5.0747  -4.8528 -5.0695 O
510 304792 011131 3.7075 34770 -3.2630 3.4725 0
)11 511864 0.0597  5.902 5.1859  -5.0705 -5.1849 0
312 611843 03541 -6.0374 6.1635  -5.5445 -6.1201 0
113 -6.2250 0 6.4986 62217  -5.9695 6.2150 0
factor(group)l -0.4784 0.0113  -0.5507 -0 4784  -0.3075 —0.4783 O
The nadel has no randos effects
The nodet has no hyperparancters
Expected nunber of effective paraneters(std dev): 14.01(0.00)
Nuber of equivalent replicates - 1.855

Marginal Likelihood: -236.63

The overall posterior median OR=exp(-0.48)=0.62 (95% PCI= 0.57,0.67)
- Very similar results to those obtaired using Mantel-Haenszel (fixed-effects).
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logit(p,)= o, + p,Group,
Model2 (B):  &~NO.v).j=L..13
V2 ~IG(a,b); B~ N(0,07)

>fit2 = inla(Y- factor(group) + f(trial, model: . paran=c(0 .001,0.001)), data=dat, Ntrials=N, fam ily="binonia ")

> smary(fit2)

Tine used:
Pre-processing  Running
0.0893 0.

Pos t-pr oces sing Total
i 00851 0.1825
Fixed effects:
T o 0-0amt 0. St 0. et | node dd
(Intercept)  -4.2043 0.4260  5.0507 -4.2041 4. 208
factor (group)1 -0.4785 0.0413  -0.5598 -0.4785 oo om0

Randon eff ects :
Name vode |

tri 11D model

Nodel hype rpar anet ers:
0.5 qunt 0.5qun 0. Squane mde
precision or tria 0. 48 019 0 t503

Epected nuber of effective parane ters (std ) : 13.84(0.0541)
Nurber of equi valertt replicates : 1.879

Narginal Likel ihood:  -200. 55

The overall posterior median OR=exp(-0.48)=0.62 (95% PCI= 0.57,0.67)
Posterior median precision = 0.43 (posterior median variance = 1/.43=2.33)

Estimated variance under frequentist is much smaller (since it doesn't account for uncertainty
in random effects) 106

Model 2 (B):
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logit(p,) = 6, + f,Group + f, Latitude + 3,Group * Latitude,
Model 3 (B): & ~N0.v)j=1ul% v ~IG(a,b);
B~ NO,0{):k=1,2.3

> summary(fitd

Time wsed:

Pre-processirg  Ruming inla Post-processing Total
0,093 0473 0.0649 0.2055

Fixed effects:

nean _sd 0.025uart 0.Squmt 0.975quant  mode ki

(Intercept) -4.1401 0.%571 8511 -3.4323 -4.1391

factor(grap)1 7166 0.0480 —0.5114 ~D.7164 -0.6229 -0.7161 0
centeredLatitule 0.0736 0.@56 0.0227  0.0736 01246 00736 O
factor(graup) 1:centeredLatitude -0.0334 0.M28  -0.038 -0.08B3  -0.0279 -0.0333 0

Random effects
Model
trlal 1D mdel

Vodel hyperparameters:
0.025quant 0.5quant 0.975quant mode
Precision for trial 0.6693 0.233 0,246 06920 13743 0.49

Expected rurber of effective parancters(std dev): 14.770.0%6)
Number of equivalent replicates :

Margiral Likelihoad: -147.66

The posterior mean log-odds ratio (comparing the odds of TB among vaccinated
versus not) decreases by approximately 0.03 for each unit difference from the

average latitude. 108




Model 3 (B):

St P’ ot el
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BCG Example: recap

= With this example we illustrated a few way s in w hich we could
combine the data from the different studies.

= Random effects: model heterogeneity

= (example: no trivial variation

= Which model?

in the response rates across studies!)

= model choice guided by scientific questions
= model choice guided by statistical criteria
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Comparing Bayesian and Frequentist
Approaches for Multiple Outcome Mixed
Treatment Comparisons
Hwanteo Hong, MS, Brodley P. Carlin, PHD, Tatyana A. Shamliyan, MD, M5,

Jean F. Wyman, PhD, Rema Ramakrishnan, MPH, Frangois Sainfort, PhD,
Hobert L. Kane. MD

Objectives. Bayesian statistical methods are increasingly
popular as a tool for meta-analysis of clinical trial data
involving both direct and indirect treatment comparisons.
However, appropriate selection of prior distributio
for unknown madel parameters and checking of con.
tency assumptions required for modeling remain particu
larly challenging. We compared Bayesian and traditional
frequentist statistical methods for mixed treatment com
parisons with multiple binary outcomes. Data. We
searched major electronic bibliographic databases, Food
and Drug Administration reviews, trial registries, and
research grant databases up to December 2011 to find
randomized studies published in English that examined
drugs for female urgency urinary incontinence (UI) on
continence, improvement in UI, and treatment discontin
uation due to harm. Methods. We describe and fit fixed
and random effects models in both Bayesian and fre
quentist statistical frameworks. In a hierarchical model
of 8 treatments, we separately analyze 1 safety and 2 effi
cacy outcomes. We produce Bayesian and frequentist

treatment ranks and odds ratios across all drug v placebo
comparisons, as well as Bayesian probabilities that
each drug is best overall through a weighted scoring
rule that trades off efficacy and safety. Results. In our
study, Bayesian and frequentist random effects models
generally suggest the same drugs as most attractive
although neither suggests any significant differences
between drugs. However, the Bayesian methods more
ify one drug (propiverine) as best over-
all, produce interval estimates that are generally better at
capturing all sources of uncertainty in the data, and
also permit attractive “‘rankograms” that visually capture
the probability that each drug assumes each possible
rank. Conclusions. Bayesian methods are more flexible
and their results more clinically interpretable, but
they require more careful development and specialized

software. Key words: nephrology; Bayesian meta
analysis; comparative effectivene lematic review
hierarchical models. (Med Decis Making 2013;

702-714)
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propiveine propiverine

propiverine

Figure1 Network graphs of urinary incontinence (UI) data for each outcome: (a) continence, (b) Ul improvement, and (c) discontinuation
due to adverse events (AEs). The size of each node represents the number of studies investigating the drug, and the thickness of each edge
implies the total number of samples for the relation. The number on the line is the number of studies for the relation.

Meta-Analysis:
Mixed and Indirect Treatment Comparisons

= Suppose there are several trials

= Comparing treatment A to B (AB trials)
= Trials AB provide “direct evidence” of the effect of treatment B relative
to A

= Comparing treatment A to C (AC trials)
= Trials AC provide “direct evidence” of the effect of treatment C relative
to A

= Comparing treatment B to C (BC trials)

= Trials BC provide “direct evidence” of the effect of treatment C relative
to B.
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Meta-Analysis:
Mixed and Indirect Treatment Comparisons

= Suppose there are several trials
= What if: NO LONGER TRIALS AB!!

= Comparing treatment A to C (AC trials)

= Trials AC provide “direct evidence” of the effect of treatment C relative
to A

= Comparing treatment B to C (BC trials)
= Trials BC provide “direct evidence” of the effect of treatment C relative
to B.
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Meta-Analysis:
Mixed and Indirect Treatment Comparisons

= Best evidence on the effect of treatment B relative to A
is provided by head-to-head trials.

= In the absence (or even sparsity) of such trials, there
can be “indirect” evidence of the effect of B relative to
A:
d:;/zre(,t= d;:{;eu _ d:gf(,r
= The mixing of direct and indirect evidence is called
“mixed treatment comparison” (MTC)
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Meta-Analysis:
Mixed and Indirect Treatment Comparisons

= More generically:

= With K treatments, there are a total of K(K-1)/2 possible
pairw ise comparisons
= E.g. K=6 means 15 potential comparisons of interest

= Direct evidence fora subset of pairwise comparisons

= Extending (pairwise) meta-analy sis forMTD

= Fixed effects model
= Random effects model
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Meta-Analysis:
Mixed and Indirect Treatment Comparisons

> data= read.csv("https://raw.githubusercontent.com/rhubb/SISCR2017/mast er/data/mtc.csv')
> head(data, 20)

Study Treatment Response N Baseline Data from a Smoking Cessation Study
1 1 1 9 140 1
2 1 3 23 140 1
3 1 4 10 138 1
4 2 2 1 78 2 . .
5 2 3 12 85 2 Randomized trials: 24 RCTs
6 2 4 29 170 2
7 3 1 75 731 1 :
8 3 3 363 714 1 Interventions:
PO ! 2 108 ! A: No Contact
10 4 3 9 205 1
1 5 1 58 549 1 B: Self-Help
2os 3 237 1561 1 C: Individual Counseling
13 6 1 o 33 1 .
14 6 3 9 48 1 D: Group Counseling
15 7 1 3 100 1
16 7 3 31 98 1
17 8 1 1 31 1 Response:
.8 3 26 95 1 Number of patients ceasing smoking
19 9 1 6 39 1
20 9 3 17 77 1
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Meta-Analysis:
Mixed and Indirect Treatment Comparisons

= Four Treatments: = Indirect evidence for:
. ,; (reference) dye=d,.—d,,
. C dli‘D = dAD - dAB
« D dCD = dAD - dAC

Direct evidence for:

= Consistency:

= “Rationale”:
If (b-a)=2, (c-a)=3, then  (c-
b) must be 1

dAB: dAca AD
(basic parameters)

= Total number of
contrasts: 6
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Meta-Analysis:
Mixed and Indirect Treatment Comparisons

» Fixed Effects = Random Effects

1y ~ Binomial(p, ,N ;) 1y ~ Binomial(p ,N ;)

dye=d,.—d,,
dyy =dyy=dyy

Ll yfodyp dep=d,,=dyc

Treatment effectin hefbaseline gou j 4;d,5.d,cd,, ~ N(0,100%)

o~U(0,2)

Effect of treatment Y rdative to X in trialj
(Y and X in gereric nctation)
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Meta-Analysis:
Mixed and Indirect Treatment Comparisons

Preparing for Coding in Jags:

d[Treatment[i]]-
Treatment Contrast Treatment[i] Baseline]i d[Baselineli

1,2 2 1 d[2]-d[1]=d[2] L
1,3 3 1 d[3}-d[1]=d[3] %
1,4 4 1 d4l-d1]=d[4] “»
2,3 3 2 d[31-d12] Ay =dsc=duy
2,4 4 2 d[4]-d[2] dyp=dyp=dyy
3,4 4 3 d[4]-d[3] dep=dyp=d,c
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Meta-Analysis:
Mixed and Indirect Treatment Comparisons

= Sometimes it is useful to have the absolute risk

difference instead of odds ratios...
= Can get this from (log-) odds ratios but need information
about the “baseline” probability of the outcome:
= What is the probability of smoking cessation in the “no treatment”
group?
Can get this information from cohort studies, trials, etc
Assume, for example, that for “no treatment”, the log-odds of
smoking cessation has N(-2.6, 0.382) distribution
Absolute effects for other treatments are:
Logit(TY= A+ dy
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Mixed and Indirect Treatment Comparisons

i
s
)
)
)
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Meta-Analysis:
Mixed and Indirect Treatment Comparisons

for effects rdel

aeh
4 lop aer © omeratiors

For (3 1nT%50) ¢

& ukemnood

ReBONSIH - dHnGLI L)

10BEGLID) < WISHAY[I1+ delti] - qual CTrmtsat i), el neliD)

# gauerfoa tun erhcts diswibuion
deiafdl - dori )

# mpuktion sem effect
) "1 < elmeavent 1] - opaseunell
 vage riors for inerces Gaseline grow)
or G in 175p

U] - dnom(o..000)
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Meta-Analysis:
Mixed and Indirect Treatment Comparisons

#3# defire jags modd within R
datajag <-Iist(N i, Stud=dagSud;, Resp a§Treatment,
inits < list(A=1)
modell <-jagsmodel(fle="mic- fe;ag daa=datgag inits=irits, ndairs=2, nadapt=500)
paramsl < o("d", "lof', "i", "best’

post1 <- coca samples(meddlt, .;alams],mta 10000)
summary(posu)

## define jags maddl within R

datajag <- ist(N=ch 4N, Study=chadStudy, Resporse =datasResorse, Treatmert =datasTreatment, Baseline =dataiBasdine)
inits <- listz=1)

model2 <- rmc—re,jag, jag, inits=irits, n chains=2, n.adapt=500)

params2 < c("d" "lof', "¢, "best’ "T" ")

post2 <- mchsanpls(mcdéz @S2, niter=10000)

summary(post2)
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Meta-Analysis:
Mixed and Indirect Treatment Comparisons
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Bayesian Estimation of Disease Prevalence and the Parameters of
Diagnostic Tests in the Absence of a Gold Standard

TABELE 1. Results of serologic and stool esting for
Strongyloides infection on 182 Gambodian refugess arriving In
Montreal, Canads, batwoon July 1882 and Fobrunry 1883

Stool examination
* =

+ 38 a7 125
Sorology S e
= 2 a5 a
&0 122 162
Prior information. Sio0 anamingtion one Serclogy alone ‘Hom tests combined
Mechan l%(',&"_ Mndian 85% C1 Mndian 85% C1 Mndian 5% C1
” 050  0.03-088 074  041-088 080  023-099 076 052-0.91
Stool s, 024  007-047 030  021-047 031 0.22-0.44
examingion  C, 085  089-089 085  085-0.89 0.96 091-0.99
PPV, 084 010-100 085  0.74-100 098 088-1.00
NPV, 056  0.03-0.98 03 0.02-073 0.30 0.11-0.63
Serology & 081 0.63-082 083 073-092 089 0.80-0.95
Cs 072 031-096 058 022-084 067 0.36-0.95
PPV, 078  0.07-1.00 051 18-100 080  062-1.00
NPV, 078 008-1.00 044  003-084 070 028-0.82

Reproducing analyses:
Using only one diagnostic test

= Recall: In the absence of ‘gold standard’ we only
observe totals

TABLE 2. Observed and latent data in the case of one

diagnostic test In the at of a gold 1, pr i
Ina 2 x 2table
Truth /
+ =
+ Yy a-Y,
Tast
= Ya b-Y,
Yo hYs N—(Y,+Y2) N

Y; and Y; are latent/unobserved data 129




Reproducing analyses:
Using only one diagnostic test

= Probability model for positive test result?
= a ~ Binomial(N, PPT)
= Where N is the total sample size (i.e. a+b)
= PPT is the probability of a positive test
PPT = P(T+)= P(T+| D)P(D)+ P(T+| D)P(D*)
=Sz+(1-C)1-7)

(recall: Sis sensitivity and C is the specificity)
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Reproducing analyses:
Using only one diagnostic test

model{
## model
a ~ dbin(PPT, N)

#4 definition of probability of positive test
PPT <- S*pi + (1-C)*(1-pi)

## priors

s ~ dbeta(as,bs) # prior for sensi

C ~ dbeta (aC, bC) # prior for specificity
Jags Code pi ~ dbeta(api, bpi) # prior for prevalence

## computing probability of disease given test results
PYL <- pi*S/PPT
pY2 <= pi*(1-S)/(1-PPT)

## simulating Y1, Y2
Y1 ~ dbin(pY1,a)
Y2 ~ dbin(py2, N-a)

Note: original paper derived full conditionals that allows one to implement full MCMC
(Gibbs Sampler) — but that is out of the scope of this introductory course. 131

Reproducing analyses:
Using only one diagnostic test

data = list(N=162, a=40, YI=NA, Y2=NA, api=l, tpi=1, as=.4,
16=13.31, aC=71.25, bC=3.75)

#_Initial values
inits = finction({1ist(pi=0.5, $=0.9, C=0.8, Y1=10, Y2=10)}

## Mocel specification

Jjags.m =jags.mdel(fi le
n.adapt=1000

stic.jag, data=data, n.chains=|
tsinits()
## Parameters to te maitored

parans = o("pi*, 'S 2y
## Sampling
samps <- mda.sanples(jags.n, parars, n.iter=500, thim=s)

## Sumarize posterior sanples and save output results
aux <- sumary(sanps)

par (nfrow=c(3.2))

plot(sanps)

output <= cbimdaw([1[. (1,21, au][211[,c(.3,91)

Mean 5% 97.5¢
C  0.9469572 0.02796301 0.8771444 0.9516872  0.9862617
0.3128120 0.06713805 0.2093188 0.3023151  0.4756297
85000 3.10580759 29.0000000 38.0000000 40.0000000 i i
70000 24.44454211 35.9750000 85.0000000 120.0000000 Posterior Estimates
7401364 0.16335664 0.4075330 0.7581660  0.9855292
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Final Comments
ere is ‘art’ in Bayesian Analysis

= Achieving ‘mastery’ requires practice!

(VT ANGTHER) HISTORY OF LITE AS WE KNOW T,

sfffe
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