
Lecture 6:  Stochastic models for small 
groups such as households 

 

A Brief History of the Reed-Frost Model 
• PD En’ko (1889)  Deterministic difference

equations
• L Reed and WH Frost (1930)  Marbles and shoots
• M Greenwood (1931)  Alternative formulation
• H Abbey (1952)  1st analysis as a stochastic

process
• L Elveback, JP Fox, E Ackerman (1960)  1st

computer program and lots of theory



Reed-Frost Model

Lowell Reed
1886 - 1966

Wade Hampton Frost
1880–1938

Both Former Deans:  Johns Hopkins School of  Public Health



Helen Abbey
1915 - 2001

Eugene Ackerman 
1920 - 2014

John P. Fox
Died around 1989



Reed-Frost Model
Stochastic process:  discrete state space and time t0, t1, t2 ….

Infectious agent natural historyInfectious agent natural history
Infectious for one time unitInfectious for one time unit

Social contact structureSocial contact structure
Random mixingRandom mixing
p = 1 p = 1 –– q,q, probability two people make contact probability two people make contact 

sufficient to transmitsufficient to transmit

RR00 = = (n(n--1)p1)p



Reed-Frost Model
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See chain binomial chapter in the Encyclopedia Biostat., Vol 1, 593-7



Greenwood Model
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Estimated CPIs and SARs

Pre‐season titer RR
Age

X < 8 8 ≤ X ≤ 64
Low to high 

titer

Children CPI1 0.23 ± 0.03 CPI2 0.09 ± 0.03 2.5**

SAR1 36.6 ± 6.2 SAR2 3.4 ± 4.7 10.8**

Adults CPI3 0.13 ± 0.02 CPI4 0.09 ± 0.01 1.5

SAR3 18.2 ± 4.4 SAR4 1.6 ± 3.7 11.4**

Goodness of fit χ2 = 24 8 (df = 23) p = 0 36 **p < 0 05Goodness‐of‐fit  χ2 = 24.8 (df = 23), p = 0.36,   p < 0.05



Antibody Efficacy:  Direct Measures

AR   Lev. IV      

CPI   Lev. IV

SAR   Lev. I



Estimated Antibody Efficacy

Index Children Adults Crude

AR 0.700 0.469 0.588

CPI 0.503 0.321 0.439

SAR 0.907 0.912 0.919
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METHODS

Estimating Transmissibility

• Natural history of disease
– Incubation period:

– Infectious period: from ILI onset      to         , and probability of 
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• Transmission model
– Daily transmission probabilities:     (C2P)  and          (P2P)
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METHODS

Estimating Transmissibility (continue)

• Accounting for missing data
– Household sizes and some ILI onset dates are missing 

– Multiple imputation (Schaffer, 1997).

• Calculating SAR and R0 for US data

1
1 (1 )D

dd
SAR p


  

0 ( ) (1 )( )H C S H CR f R R R f R R     

,  ,  H H H S S S C HR N SAR R N SAR R R    

• Calculating R0 for Mexican data
– For large population,  chain binomial becomes Poisson.

Assume each case corresponds to K 1 uninfected people– Assume each case corresponds to K-1 uninfected people.
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Household SAR
RESULTS

Household SAR
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Household SAR: Sensitivity
RESULTS

Household SAR: Sensitivity



7RESULTS: Historic Influenza SAR Estimates



8RESULTS: Historic Influenza SAR Estimates



Outline Framework VES Conditional VE Population Effects Herd Immunity

Table: Parameters used for measuring various effects of vaccination∗

Comparison groups and effect

Level Parameter Susceptibility Infectiousness Combined change in
choice susceptibility and

infectiousness
Conditional on
exposure:

I Transmission VES,p† = 1− p·1
p·0

VEI,p = 1− p1·
p0·

VET,p = 1− p11
p00

probability
Study design

I IIA IIB III
direct indirect total overall

Unconditional:

II Incidence VES,IR = 1− IRA1
IRA0

VEIIA,IR = 1− IRA0
IRB0

VEIIB,IR = 1− IRA1
IRB0

VEIII,IR = 1− IRA·
IRB·

or hazard

rate, IR, λ VES,λ = 1− λA1
λA0

VEIIA,λ = 1− λA0
λB0

VEIIB,λ = 1− λA1
λB0

VEIII,λ = 1− λA·
λB·

III Proport. VES,PH = 1− eβ1 NA NA NA
hazards, PH

IV Cumulative VES,CI = 1− CIA1
CIA0

VEIIA,CI = 1− CIA0
CIB0

VEIIB,CI = 1− CIA1
CIB0

VEIII,CI = 1− CIA·
CIB·

incidence

∗ From Halloran, Struchiner, Longini, Am. J. Epidemiol 1997; 146;789–803.



Estimation of household SARs for SARS-CoV-2* 

*Madewell ZJ, Yang Y, Longini IM, Halloran ME, Dean NE., Household SARS-CoV-2 secondary attack rates by variant and vaccination status: an updated systematic review and 

meta-analysis. JAMA Network Open 5(4) (2022):e229317. doi:10.1001/jamanetworkopen.2022.9317. 



Estimated VE’s from household SAR’s

VET = 1- (1 – VES)(1-VEI)






